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Abstract. In this paper, we investigate several structural properties for crossed product Hi 
factors M arising from free Bogoljubov actions associated with orthogonal representations 
n : G —¥ O(Hfi) of arbitrary countable discrete groups. Under fairly general assumptions 
on the orthogonal representation n : G — > O(Htc), we show that M does not have property 
Gamma of Murray and von Neumann. Then we show that any regular amenable subalgebra 
A C M can be embedded into L(G) inside M. Finally, when G is assumed to be amenable, 
we locate precisely any possible amenable or Gamma extension of L(G) inside M. 



1. Introduction and main results 

In classical probability theory, there is a well known construction that associates to any orthog- 
onal representation tt : G — > 0(Hn) of a countable discrete group G a probability measure- 
preserving action G rx (X n ,fi n ) on a standard probability space. This action is called the 
Gaussian action associated with the orthogonal representation tt. By construction, the Koop- 
man representation of the Gaussian action contains tt as a subrepresentation (see [26^ Appendix 
D]). For instance, when Xg ■ G — > 0(£^(G)) is the left regular orthogonal representation, the 
Gaussian action G rx (X\ G , (J,\ G ) is nothing but the Bernoulli shift G rx ([0, l] G ,Leb G ). 

In the framework of his free probability theory, Voiculescu [48] introduced in the mid 80s 
the analogue of the Gaussian construction: the free Gaussian functor (see also [49, Chapter 
2]). To any real Hilbert space -ffpt, one associates a tracial von Neumann algebra, denoted 
by T(Hn)", which is *-isomorphic to the free group factor L(Fdi m /f R ) on dimi/R, generators. 
Within this framework, the free group factor T(H-r)" is generated by semicircular elements 
W(e), e G Hn, which enjoy the following freeness property: whenever (ej)j>i is an orthogonal 
family in Hn, the family of noncommutative random variables (W {ei))i>\ is *-free with respect 
to the canonical trace r on T(H-r)" . As we will see in Section [21 the semicircular elements 
W(e) can be alternatively regarded as words of length one. To any orthogonal representation 
it : G — > O(H-r) of any countable discrete group G corresponds a unique trace-preserving 
action o~ n : G r\ T(Hn)" called the free Bogoljubov action associated with the orthogonal 
representation tt. The action o~ n satisfies the following relation: 

o-«(g)(W{e)) = W(Tr(g)e),Ve G H R ,Vg G G. 

We refer to Section [2] for more information on Voiculescu's free Gaussian functor. We will 
denote by T(Hn)" x w G the tracial crossed product von Neumann algebra corresponding to 
the free Bogoljubov action : G rx F(Hn)". For instance, when Xq ■ G — > 0{1^{G)) is 
the left regular orthogonal representation, the free Bogoljubov action o\ G : G rx F(£^(G))" 
is nothing but the free Bernoulli shift G rx * 9e c(L(Z), r). In that case, we have that the 
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crossed product von Neumann algebra T(£^(G))" x^ G G is *-isomorphic to the free product 
von Neumann algebra L(Z) * L(G). 

In this paper, we use Popa's deformation/rigidity theory [38l HSl [20] to investigate several struc- 
tural properties for the crossed products Hi factors T(H-r)" yi T G arising from free Bogoljubov 
actions of countable discrete groups. The first rigidity results for Hi factors arising from free 
Bernoulli shifts of property (T) groups were obtained by Popa in [34] . using his malleable de- 
formation for the free group factors. In [21], Ioana, Peterson and Popa discovered a malleable 
deformation for amalgamated free product Hi factors which they used to obtain rigidity results 
for such factors and calculate their symmetry groups. 

Popa [39] discovered that in many previous arguments in deformation/rigidity theory, the 
property (T) condition could be removed and replaced by a spectral gap rigidity condition. 
This fundamental discovery lead to several structural results for Hi factors arising from free 
probability theory. For instance, Popa [37] used his spectral gap rigidity principle to give 
another proof of Ozawa's result [28] showing that the free group factors are solid, that is, 
the relative commutant of any diffuse von Neumann subalgebra is amenable (we also refer 
to Peterson's work on L 2 -derivations [31J and its applications). Subsequently, Chifan and the 
author [2] used the malleable deformation from [21] together with Popa's principle [39J to obtain 
structural properties, such as primeness, for a large class of amalgamated free products factors 
(see also [33]). Ozawa and Popa [29] also used this spectral gap rigidity principle to prove that 
the free group factors are in fact strongly solid, that is, the normalizer of any diffuse amenable 
von Neumann subalgebra is amenable. This result strengthened both Voiculescu's result in 
|50| showing that the free group factors have no Cartan subalgebra and Ozawa's result in [28] 
showing that the free group factors are solid. 

Recently, Shlyakhtenko and the author [TT] obtained several structural results, such as absence 
of Cartan subalgebra, for the Hi factors T(Hji)" G arising from free Bogoljubov actions 
of amenable groups. The amenability of G was essential to ensure that the crossed product 
von Neumann algebra T(H-r)" x w G has the complete metric approximation property [9] in 
order to use Ozawa-Popa's results [29]. For instance, it was proven in \17\ Theorem B] that 
when the orthogonal representation tt : Z — > O(Hji) is mixing, the crossed product Hi factor 
IX-Hr)" XttZ is strongly solid. This alternatively gave new examples of strongly solid Hi factors 
which are not *-isomorphic to interpolated free group factors (see also |14j). 

The aim of the paper is thus to generalize these previous results as well as to obtain new 
structural properties for the Hi factors T(H-r)" x n G arising from free Bogoljubov actions 
associated with orthogonal representations tt : G — > O(Hji) of arbitrary countable discrete 
groups. 

Property Gamma. Our first result deals with property Gamma of Murray and von Neumann 
|27j . Recall that a Hi factor (M, r) has property Gamma if there exists a net of unitaries 
u n 6 U{M) such that r(u n ) = for all n and lim„ \\u n y — yu n \\2 = for all y G M. When M 
has separable predual, Connes' result [Tj Corollary 3.8] shows that M does not have property 
Gamma if and only if the group of inner automorphisms Inn(M) is closed in the group of all 
automorphisms Aut(M). Observe that in that case, Out(M) = Aut(M)/ Inn(M) is a Polish 
group [7J. 

Let Q be a Hi factor with separable predual which does not have property Gamma. Denote 
by II : Aut(Q) — > Out(Q) the quotient homomorphism. In [2H Theorem 1], Jones proved that 
whenever a : G — > Aut(Q) is a faithful action of a countable discrete group for which U(a(G)) is 
discrete in Out(Q), then the crossed product Hi factor Qy\ a G does not have property Gamma. 
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Inspired by Jones' result, we find a sufficient condition on the orthogonal representation tt : 
G — > 0{H-r) which ensures that the crossed product Hi factor T(Hn)" xi^ G does not have 
property Gamma. 

Theorem A. Let G be any countable discrete group and tt : G — > O(Hn) any faithful orthog- 
onal representation such that dimHn > 2 and tt{G) is discrete in O(Hn) with respect to the 
strong topology. Then M = r(.ffR.)" » T G is a Hi factor which does not have property Gamma. 

The proof of Theorem [A] (see Section [6|) does not actually use Jones' result but rather a 
combination of words techniques involving the generators W(e), e £ Hn, and methods from 
Popa's seminal article |33| on maximal amenable subalgebras in Hi factors. The key step (see 
Proposition 16. ip is to prove that when tt : G — > 0{H-r) is an infinite dimensional orthogonal 
representation, then any central sequence of T(Hn)" G must asymptotically lie in L(G). 

When the group G is abelian and tt : G — > O(Hn) is a faithful orthogonal representation such 
that dimi^R, > 2, the sufficient condition in Theorem lAl is also necessary, that is, T(Hn)" xi, G 
is a Hi factor which does not have property Gamma if and only if tt(G) is discrete in 0{Hyi) 
with respect to the strong topology (see Corollary I6.2f) . Examples of orthogonal representations 
tt : G — > 0{H-r) for which tt(G) is discrete in 0{H-r) include the ones which contain a mixing 
subrepresentation. 

Regular amenable subalgebras. Whenever A C M is an inclusion of tracial von Neumann 
algebras, we denote by Mm (A) = {u G U(M) : uAu* = A} the normalizer of A inside M. 
Recall that A C M is a Cartan subalgebra if A C M is maximal abelian and Mm {A)" = M. 

In their breakthrough article [29J , Ozawa and Popa obtained a remarkable dichotomy result for 
compact actions of free groups. Let F„ rx (X, fj,) be a compact probability measure-preserving 
(pmp) action of the free group onto n generators (n > 2) on a standard probability space and 
put M = L°°(X) xi F n . Ozawa and Popa [29J proved that whenever A C M is an amenable von 
Neumann subalgebra, then either A <m L°°(X) or Mm (A)" is amenable. We refer to Section [2] 
for Popa's intertwining techniques and the symbol ^m- in particular, any compact free ergodic 
pmp action F n rx (X,fi) gives rise to a Hi factor M = L°°(X) xi F ra with a unique Cartan 
decomposition, up to unitary conjugacy. 

In a recent breakthrough paper |41| . Popa and Vaes obtained a very general dichotomy result 
for arbitrary actions of free groups. Let F n rx (B, r) be an arbitrary trace-preserving action 
of F n on a tracial von Neumann algebra (-B,r) and put M — B xi F n . Popa and Vaes |41|, 
Theorem 1.6] proved that whenever A C M is a von Neumann subalgebra which is amenable 
relative to B inside M, then either A <m B or Mm (A)" is amenable relative to B inside M. 
We refer to Section [2] for the notion of relative amenability. In particular, any free ergodic 
pmp action F n rx (X,fi) gives rise to a Hi factor M = L°°(X) xi F ra with a unique Cartan 
decomposition, up to unitary conjugacy. We refer to [301 El El HI H21 [18] for further results in 
these directions. 

Very recently, Ioana pj9] used a combination of Popa- Vaes' dichotomy result |41| together with 
new word techniques to study Cartan subalgebras in amalgamated free product von Neumann 
algebras. One of the most general results Ioana obtained (see |19|. Theorem 1.6]) is the following. 
Let M = Mi *b M2 be an arbitrary tracial amalgamated free product. Let A C M be a von 
Neumann subalgebra which is amenable relative to B inside M and u G /3(N) \ N a free 
ultrafilter such that M M (A)' D M u = C, that is, M M (A)" has "spectral gap" inside M. Then 
at least one of the following holds true: 



• A <m B. 
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• N M {A)" < m Mi for some i e {1, 2}. 

• A/m(-A)" is amenable relative to -B inside M. 

In this paper, we use Ioana's ideas and results from [19] to prove the following general dichotomy 
result for free Bogoljubov actions of arbitrary countable discrete groups G. This theorem should 
be compared to Popa-Vaes' result [Hj Theorem 1.6]. 

Theorem B. Let G be any countable discrete group and tt : G — > O(Hn) any orthogonal 
representation. Denote by M = T(Hji)" G the corresponding crossed product von Neumann 
algebra under the free Bogoljubov action ov : G r\ T(Hn)" . Let p £ M be a nonzero projection 
and A C pMp any von Neumann subalgebra which is amenable relative to L(G) inside M . Let 
uj G /3(N) \ N be a free ultrafilter. Assume that N p m p {A)' DpM^p = Cp. 

Then at least one of the following holds: 
. A^ M L(G). 

• NpMp{A)" is amenable relative to L(G) inside M . 

Note that Theorem IBl generalizes the main result of |17]. Indeed, a similar result was proven 
in [171 Theorem 3.5] under the assumption that G is amenable. 

The proof of Theorem IBl uses Ioana's original strategy and results [19] in the following way. To 
simplify, assume that A C M is an amenable von Neumann subalgebra such that P' n M u = C 
with P = Nm{A)" . Assume that P is not amenable relative to L(G) inside M. Our aim is to 
show that A <m L(G). We use Popa's malleable deformation (6t) on T(Hn © Hr)" x^©^ G 
arising from the second quantization of the one-parameter family of rotations on © Hji that 
continuously map © onto © Hr. The key observation is that we can regard the crossed 
product von Neumann algebra M = T(Hn © Hn)" x^©^ G as the amalgamated free product 

(r(H R )"» n G) * L(G) (r(ff R )"^G), 

where we identify M with the left copy of T(Hn)" x n G in the amalgamated free product. For 
t > small enough, we now use Ioana's dichotomy result [19^ Theorem 1.6] for the inclusion 
9t(A) C M and obtain that necessarily 9t(A) M. In Section El using word techniques 
involving the generators W(e), e S Hr, we prove that this condition implies that A <u L(G) 
(see Theorem 13. ip . 

The general dichotomy result obtained in Theorem [B] together with Theorem [X] allows us to 
obtain a new class of Hi factors with no Cartan subalgebra. 

Corollary C. Let G be any countable discrete group and tt : G — > 0(H-r) any faithful orthog- 
onal representation such that dimf/R, > 2. Assume that M = T(Hn)" x n G does not have 
property Gamma. If A C M is a regular amenable subalgebra then A <m L(G). 

Moreover, we have the following: 

(1) If tt contains a direct sum of at least two finite dimensional subrepresentations, then M 
has no Cartan subalgebra. 

(2) If tt contains a mixing subrepresentation, then M has no diffuse amenable regular von 
Neumann subalgebra. 

Observe that in case the orthogonal representation tt : G — > O(H-r) is reducible, the first part 
of Corollary [C] can be directly deduced from Ioana's results (see [191 Theorem 1.3]). Indeed, if 
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tt = 7Ti © 7T2 and H R = H-^ © , then the crossed product Hi factor F(H R )" X n G can be 
regarded as the amalgamated free product 

(r(H«) w g) * l(g) (r(H«) w g) 

and so Ioana's results [12] can be applied. However, when tt : G — > 0(H R ) is irreducible, the 
Hi factor T(H R )" x^ G no longer splits as an amalgamated free product over L(G) and so in 
that case, Corollary O cannot be deduced from Ioana's results. 

In case the orthogonal representation tt contains a mixing subrepresentation, a stronger result 
holds. This can be regarded as a relative strong solidity result and should be compared to 
[291141]. 

Theorem D. Let G be any countable discrete group and tt : G — > 0(H R ) any faithful orthog- 
onal representation. Let K R be a nonzero closed tt (G) -invariant subspace such that tt\K r is 
mixing. Put tt HqK = tt\H r Q K r , M = F(H R )" x^ G and N = F(H R © K R )" x WHeA . G. 

Then for any diffuse von Neumann subalgebra A C M which is amenable relative to L(G) inside 
M, we have that Mm (A)" is amenable relative to N inside M. 

Observe that like in [19, Corollary 1.7], the spectral gap condition on the normalizer is no 
longer needed in Theorem iDl 

Maximal amenable and maximal Gamma extensions. In his seminal article [33], Popa 
proved that the generator masa in a free group factor is maximal amenable. In fact, Popa 
showed \33\ Lemma 2.1] that the generator masa in a free group factor satisfies the asymptotic 
orthogonality property (see Section [5] for further details). He then used this property to deduce 
that the generator masa is maximal amenable inside the free group factor (see |33t Corollary 
3.3]). 

In the recent paper [15], we gave new examples of maximal amenable masas in Hi factors 
by proving that whenever G is an abelian group and tt : G — > 0{H R ) is a mixing orthogonal 
representation, then L(G) is maximal amenable inside T(H R )" x^G. This was done by showing 
that the inclusion L(G) C T(H R )" x f G satisfies the asymptotic orthogonality property (see 
[151 Theorem 3.2]). 

Very recently, Jesse Peterson asked us whether the maximal amenability of L(G) inside the Hi 
factor T(H R )" xi n G could hold true under the more general assumption that tt : G — > 0{H R ) is 
weakly mixing. We give a positive answer to his question and furthermore we prove the following 
theorem which generalizes the main result of [15] and gives a new class of maximal amenable 
subalgebras in Hi factors. We will say that an orthogonal representation tt : G — > 0(H R ) is 
compact if tt is a direct sum of finite dimensional orthogonal representations. 

Theorem E. Let G be any amenable countable discrete group and tt : G — > 0{H R ) any faithful 
orthogonal representation. Denote by K R C H R the unique closed tt(G) -invariant subspace such 
that ttk = Tt\K R is weakly mixing and tthqk = ^I^rQ^r is compact. Put M = T(H R )" x^G 
and N = T(H R © K R f x VHeK G. 

Then for any intermediate amenable von Neumann subalgebra L(G) C P C M , we have P C N . 
In particular, if tt is weakly mixing, then L(G) is maximal amenable inside M. 

As we will see in Section [HI Theorem [E] will be deduced from a very general result regarding 
the relative asymptotic orthogonality property of the inclusion N C M (see Theorem 15. 2p . 
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Observe that the Hi factor T(Hii)" x^ G may have property Gamma when tt is weakly mixing. 
This phenomenon cannot happen when tt is mixing by Theorem A. More generally, our last 
result below shows that when the group G is amenable and the orthogonal representation 
tt : G — > O(Hn) contains a mixing subrepresentation, one can locate precisely not only the 
amenable extensions of L(G) inside T(Hn)" x^G but also the Gamma extensions of L(G) inside 
T(H-r)" xi „- G, that is, the intermediate von Neumann subalgebras L(G) CPC T(Hn)" x w G 
which have property Gamma. 

Theorem F. Let G be any amenable countable discrete group and tt : G — > O(H-r) any faithful 
orthogonal representation. Let Kn be a nonzero closed tt(G) -invariant subspace such that tt\Kh 
is mixing. Put tt H qk = n\ H n © K R , M = r(F R )" x^ G and N = T(H-r Q K-r)" y\-K HeK G. 

Then for any intermediate von Neumann subalgebra L(G) C P C M which has property 
Gamma, we have P C N. 

Ln particular, if N has property Gamma, then N is the unique maximal Gamma extension of 
L(G) inside M. 
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Notations. All the groups G that we consider in this paper are always assumed to be countable 
and discrete and the real Hilbert spaces Hn are always assumed to be separable. A tracial 
von Neumann algebra (M, r) is a von Neumann algebra M endowed with a faithful normal 
tracial state r. The uniform norm will be denoted by ||s||oo f° r all x G M while the L 2 -norm 
associated with r will be denoted by \\x\\2 = t(x*x) 1 ^ 2 for all x G M. The unit ball of M with 
respect to the uniform norm will be denoted by (M)\. 
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2. Preliminaries 

2.1. An elementary fact on e-orthogonality. 

Definition 2.1. Let < e < 1, H a complex Hilbert space and K,L C H closed subspaces. 
We say that K and L are e- orthogonal and write if _L £ L if 

\(S,v)\ < eUWMM £ K,V V <= L. 

Observe that when K _L e L with < e < 1, we have that K + L is closed. Define the function 

1 2i 
5 : (0, -) ->• R+ : t ^ - 

2 vi - 1 - VztVT^t 

The following elementary proposition was proven in |15[ Proposition 2.3]. It will turn out to 
be useful for later purposes. 

Proposition 2.2 ([15]). Let k > 1. Let < e < 1 suc/i i/iai <y°( fc - 1 )(e) < 1. For 1 < i < 2 fc ; 
Ze£ pi G B(ii) 6e projections such that piH _L e Pj-ff /or aZZ i, j £ {1, . . . , 2 k } such that i ^ j. 

Write Pi = \l i= iPi for 1 < i < k. Then for all 1 < I < k and all £ G H, we have 

^ii^ii 2 <n( i +^( e )) 2 ii p ^ii 2 - 

i=l j=0 

2.2. Popa's intertwining techniques. Let Q C (M, r) be an inclusion of tracial von Neu- 
mann algebras. Jones' basic construction (M, cq) is the von Neumann subalgebra of B(L 2 (M)) 
generated by M and the orthogonal projection eg : L 2 (M) — > L 2 (Q). Recall that if we denote 
by p:Q op ^ B(L 2 (M)) the right Q-action on L 2 (M), we have (M, e Q ) = B(L 2 (M)) n p(Q op )' '. 
The basic construction (M, eg) is endowed with a canonical semifinite faithful normal trace Tr 
which satisfies 

Tr(xe Q y) = r(xy),\/x,y G M. 

In [351 [36], Popa discovered the following powerful method to unitarily conjugate subalgebras of 
a tracial von Neumann algebra. Let (M, r) be a tracial von Neumann algebra and P C lpMlp, 
Q C IqMIq von Neumann subalgebras. By |! 35^ Corollary 2.3] and [36, Theorem A.l] (see also 
|441 Proposition C.l]), the following conditions are equivalent: 

• There exist n > 1, a projection q G M n (Q), a nonzero partial isometry v G Mi )n (lpM)q 
and a unital normal *-homomorphism ip : P — > qM. n (Q)q such that av = v(p(a) for all 
a G P. 

• There exist projections p G P and q £ Q, & nonzero partial isometry v G pMq and a 
unital normal *-homomorphism ip : pPp — > qQq such that = V(p(a) for all a £ P. 

• There is no net of unitaries (wi) in P such that 

lim \\E Q (x*w iy ) \\ 2 = 0,Vx,y G 1 p M1q. 

i 

• There exists a nonzero P-Q-subbimodule of lpL 2 (M, t)1q that has finite dimension as 
a right Q-module. 

If one of the previous equivalent conditions is satisfied, we say that A embeds into B inside M 
and write A -<m B. 

Following |25} [32] , we say that an inclusion of tracial von Neumann algebras Q C (M, r) has 
finite index if L 2 (M, r) has finite dimension as a right Q-module. 
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Remark 2.3. Let (M, r) be a tracial von Neumann algebra and P C lpMlp and Q C IqMIq 
von Neumann subalgebras. If A C P is a von Neumann subalgebra with finite index and if 
A <m Q, then P <m Q (see j45j Lemma 3.9]). 

2.3. Relative amenability. Whenever P C N is an inclusion of von Neumann algebras, a 
positive functional ip on A/" is P-central if if(xT) = if(Tx) for all T G A/" and all x £ P. 

Recall from [8] that a tracial von Neumann algebra (P, r) is amenable if there exists a P- 
central state </? on B(L 2 (P)) such that cp\P = t\P. By Connes' celebrated result [8], a tracial 
von Neumann algebra P with separable predual is amenable if and only if it is hyperfinite. 

Definition 2.4 (|29j). Let (M, r) be a tracial von Neumann algebra, p G M a nonzero pro- 
jection and P C pMp, Q C M von Neumann subalgebras. We say that P is amenable rel- 
ative to Q inside M if there exists a P-central positive functional ip on p(M, cq)p such that 
(p\pMp = r\pMp. 

By [291 Theorem 2.1], P is amenable relative to Q inside M if and only if there exists a 
net of vectors £ n G L 2 (p(M, eg)p, Tr) such that lim n ||y£ n — £ n y||2,Tr = f° r all y G P and 
lim n (x£ n ,£ n ) = t(x) for all x G pMp. 

Remark 2.5. We will be using the following facts. Let (M, r) be a tracial von Neumann 
algebra and P C pMp a von Neumann subalgebra. 

(1) If P is amenable relative to Q inside M and if A C eMe is a von Neumann subalgebra 
which satisfies A <m P, then there exists a nonzero projection f E A' D eMe such that 
Af is amenable relative to Q inside M (see [22j Section 2.4]). 

(2) If P is amenable relative to Q inside M, and e G P, / G P' DpMp are projections, then 
ePef is amenable relative to Q inside M. 

(3) If Ppi is amenable relative to Q inside M for some nonzero projection p\ G P' D pMp, 
then Pj?2 is amenable relative to Q inside M with |?2 G Z(P' PipMp) the central support 
of pi inside P' DpMp (see |19|. Remark 2.2]). 




2.4. Voiculescu's free Gaussian functor. Let Pr, be a separable real Hilbert space. Let 
H = Pr (8)r C = Pr © iPR be the corresponding complexified Hilbert space. The canonical 
complex conjugation on H will be simply denoted by e + if = e — if for all e, / G Pr. The 
/uZZ PocA; space of H is defined by 



The unit vector is called the vacuum vector. For all e G P, we define the Ze/t creation 
operator 



We have 1(e)* 1(f) = (e, /) for all e,h G P. In particular, £(e) is an isometry for all unit vector 
e G P. 

For all e G Pr, put W(e) = £(e) + 1(e)* . Voiculescu's result [Ml Lemma 2.6.3] shows that the 
distribution of the selfadjoint operator W(e) with respect to the vacuum vector state (-0, O) 
is the semicircular law supported by the interval [— 2||e||, 2||e||]. Moreover, Lemma 2.6.6] 
shows that for every subset 5 C Pr of pairwise orthogonal vectors, the family (W(e)) eg = is 
freely independent with respect to (-0,fi). 

We denote by T(Pr) the C*-algebra generated by {W(e) : e G Pr} and T(Pr)" the von 
Neumann algebra generated by T(Pr). The vector state r = Q) is a faithful normal trace 




F(H) = CO©0P® n . 



n>l 




£(e)(e\ (8) • • • <8> e n ) = e <g) e\ <g> • • • (8) e 
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on F(H-r)" and we have that F(Hn)" is ^-isomorphic to the free group factor onto dimHn 
generators, that is, F(Hn)" = F(F^ im H R ). 

Since the vacuum vector 0, is separating and cyclic for F(Hn)", any x G F(H-r)" is uniquely 
determined by £ = xCl G J-(H). Thus we will write x = W(£). Note that for e G Hr, we recover 
the semicircular random variables W(e) = £(e) + £(e)* generating F(H-r)". More generally we 
have W(e) = 1(e) + 1(e)* for all e G H. Given any vectors G H , it is easy to check that 
ei ® • • • ® e„ lies in F(Hn)"£l. The corresponding words W(e\ ® • • • ® e n ) G F(H-r)" enjoy useful 
properties that are summarized in the following. 

Proposition 2.6 (|15|). Let ej,/j G H, for i,j > 1. T/ie following are true: 

(1) W^e /iai>e i/ie Wick formula: 

n 

W(e x ®---®e n ) = J2 tfa) ■ ■ ■ i(e k )£(e k+1 )* ■ ■ ■ £(e n )*. 

k=0 

(2) We have that W(e\ ® • • • ® e T )W(f\ ® • • • ® / s ) is egua/ to 

W(ei ® • • • ® e r ® /i ® • • • ® f s ) + (e r , fi)W(e 1 ® • • • ® e r _i)PF(/ 2 ® • • • ® / s ) 

(3) We have W(e\ ® • • • ® e n )* = W(e n ® • • • ® ei). 

(4) T/ie linear span of {1, W(e\ ® • • • ® e n ) : n > 1, ej G i?} forms a unital weakly dense 
*-subalgebra ofF(Hn)". 

Proof. The proof of (1) is borrowed from [161 Lemma 3.2]. We prove the formula by induction 
on n. For n G {0, 1}, we have W(f2) = 1 and we already observed that W(e{) = £(ei) + liei)* . 

Next, for eo 6 i?, we have 

W(e )W(e 1 ® • • • ® e n )0 = W(e )(e 1 ® • • • ® e n ) 

= (£(ea) + £(eb)*)ei ® • • • ® e n 

= e ® ei ® • • • ® e n + (e , ei) e 2 ® • • • ® e n . 

So, we obtain 

W(e ® • • • ® e n ) = W(e )W(e 1 ® • • • ® e n ) - (e , ei)W(e 2 ® • • • ® e n ) 
= £(e )*W(ei ® • • • ® e n ) - (e , ei)PF(e 2 ® • • • ® e„) 
+ £(eo)W(ei®---®en). 

Using the assumption for n and n — 1 and the relation £(eo)*^(ei) = (eo,ei), we obtain 

£(e )*W( ei ® • • • ® e n ) = (e , ei)W(e 2 ® • • • ® e„) + ^(e )*^(ei)* • • • ^(e„)*. 

Since ^(eo)M^(ei ® • • • ® e n ) gives the last n + 1 terms in the Wick formula at order n + 1 and 
^(eo)*^(ei)* • • • £(e n )* gives the first term, we are done. 

(2) By the Wick formula, we have that W(e\ ® • • • ® e r )W(f\ ® ■ ■ ■ ® f s ) is equal to 
£ £(ei) • • • £(e 3 )£(e J+1 )* ■ ■ ■ £(e r )*£(h) ■ ■ ■ £(h)l(J k+l )* ■ ■ ■ £(f S T ■ 

0<j<r,0<k<s 
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Recall that we have £(e r )*£(fi) = (e r ,/i). Therefore the above sum simply equals 
Ket) ■ ■ ■ £(e 3 )£(e 3+1 f • • • IfrYltflY ■ ■ ■ £(7 S Y 

\0<3<r-l 

+ ]T ^ 1 )---£(e r )£(f 1 )---£(f k )i(J k+i r---i(f s y 

0<k<s 

+ {e r , h) E £ ( e i) • • • tifiiWi+iY ■ ■ ■ *&-iY*(f2) ■ ■ ■ KfkWk+iY ■ ■ ■ e(f.Y- 

0<j'<r-l,l<fc<s 

Therefore W(e\ ■ ■ ■ e r )W(fi • • • / s ) is equal to 

W(ei • • • e r /i (8) • • • (8> / s ) + (e r , /i)W(ei • • • e r _i)PF(/ 2 • • • / s ). 

(3) It is a straightforward consequence of (1). 

(4) It is a straightforward consequence of (3) using an induction procedure. □ 

Let G be any countable discrete group and tt : G — > 0(Hn) any orthogonal representation. We 
shall still denote by tt : G — > 14(H) the corresponding unitary representation on the complexified 
Hilbert space H = Hn 0r C. The free Bogoljubov action a w : G r\ (T(Hn)" ,t) associated 
with the orthogonal representation tt is defined by 

a n (g) = Ad(p(g)),\/g G G, 

where p(g) = idcn ® © n >i 7T (9)® n ^ M(F(H))- We will also sometimes more generally write 
F(U) = id C Q ® 0„>x 17®" for all U £ U(H). Observe that we have 

a n (g)(W(ei • • • e n )) = W(ir{g)ei • • • Tr(g)e n ) 

for all n > 1 and all ej G il. 

Example 2.7. If Xq ■ G — > 0(£^(G)) is the left regular orthogonal representation of G, then 
the action o~\ G : G r^- F(£^(G))" is the free Bernoulli shift and in that case we have 

(L(G) C T(4(G))" x Ag G) s (L(G) C L(Z) * L(G)) . 

Recall that an orthogonal representation tt : G — > O(Hn) is mixing if lim g ^. 0O (ir(g)^, rj) = for 
all £, 7? € Fr. 

Proposition 2.8 ([E]). Let G be any countable discrete group and tt : G — > O(Hn) any 

orthogonal representation. The following are equivalent: 

(1) The representation tt : G — > O(Hn) is mixing. 

(2) The T-preserving action a n : G rx T(H-r)" is mixing, that is, 

lim T(a n (g)(x)y) = 0,Vx,y £r(H n )" e C. 

Finally, recall from \17\ Theorem 5.1] that whenever the orthogonal representation tt : G — > 
0(Hjl) is faithful, the associated free Bogoljubov action a n : G r\ T(Hn)" is properly outer, 
that is, cr n (g) £ Inn(T(H^i)") for all g € G \ {1}. In that case, we have 

T(H n )' n (T(H n )" G) = T(H n )' n T(H R )" = C 

and so T(H-r)" xi n G is a Hi factor. 
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2.5. The malleable deformation on T(H-r)" G. Let G be any countable discrete group 
and 7r : G — > O(H-r) any orthogonal representation. Put 

• M = T(H R )" x w G. 

• M = T(H n ®H B .)"^ &r G. 

We can regard M as the amalgamated free product 

M = (T(H R )" x w G) * L(G) (r(flR)" G) 

where we identify M with the left copy of T(Hn)" x^ G inside the amalgamated free product. 
Consider the following orthogonal transformations on Hn © Hr,: 

Define the associated deformation (0 t ,P) on r(i?R, © #r)" by 

t = Ad(F(U t )) and /3 = Ad(J"(V)). 

Since Ut and F commute with it (Bit, it follows that at and /3 commute with the diagonal action 
a w * a w . We can then extend the deformation (0t,(3) to M by letting 9 t \L(G) = /3\L(G) = id. 
Moreover it is easy to check that the deformation (6t,/3) is malleable in the sense of Popa: 

(1) lim t _^o ||x — 8t(x)\\2 = 0, Vx G M. 

(2) /3 2 = id and 9 t = p6- t , V/ G R. 

For < p < 1, denote by m p : M — > M the trace- preserving unital completely positive 
multiplier which satisfies 

m p (W(ei © • • • © e n )u g ) = p n W(e 1 © • • • © e n )u g . 

With pt = cos(^i), a straightforward calculation yields Em ° @t = m pt f° r a h t G R. In this 
respect, (0t)t<=R is a dilation of the one-parameter family (m pt ) t6 R of unital completely positive 
maps on M. 

Denote by % n = H® n the closed linear in F(H) of all the words e\ © • • • © e n of length n > 1. 
By convention, denote = CQ. We have 

L 2 (M) = 0(^„®£ 2 (G)). 

nSN 

Proposition 2.9. Let t G [—1,1], x G M and wrzie x = X^neN x « w/iere x n G % n ©£ 2 (G). 
TTte following hold: 

(1) T(0 t (x)x*)=£n eN P?lkn|H. 

(2) i||x-^(x)|| 2 < \\(E M oe t ){x)-e t {x)\\l 

Proof. For (1), observe that r(6» t (x)x*) = r(E M (6» t (x))x*) = £ neN /#||zn|||- 
For (2), observe that 

\\{E M o t )(x) - 6 t {x)\\l = ||x|| 2 - ||(£7 M o e t )(x)g = (! " 

nGN 

and 

||x - ^(x)|| 2 = 2(||x|| 2 - Kr(0 t (x)x*)) =2^(1- pDII^Ill- 

nGN 

Since < p t < 1 for all 4 G [-1, 1], we obtain ±||x - t {x)\\l < \\(E M ° t ){x) - t {x)\\ 2 2 . □ 
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We say that a von Neumann subalgebra P C Y[H-r)" x^ G is {9 t )-rigid if {Otj converges to 
id in || • H2 uniformly on the unit ball (-P)i- The next theorem shows that any (^)-rigid von 
Neumann subalgebra P C T(Hn)" x^ G can be embedded into L(G) inside T(Hn)" x^ G. 

Theorem 2.10. Let G be any countable discrete group and ir : G — > 0{H-r) any orthogonal 
representation. Put M = T(Hn)" yi n G. Let p G M be a non-zero projection. Let P C pMp be 
a von Neumann subalgebra and assume that there exist c > and t G (—1,0) U (0, 1) such that 

T(e t (u)u*) > C,VueU(P). 

Then P < M L(G). 

Proof. Let c > and t G (-1,0) U (0,1) such that T(0 t {u)u*) > c for all u G U{P). By 
Proposition 12.91 we have that t 1— > r(9t(x)x*) is an even function which is decreasing on [0, 1] 
for all x G M. We can find n G N large enough so that 2~ n < \t\. Thus t(02-™(u)u*) > 
T(8t(u)u*) > c for all u G U{P)- Now the rest of the proof is entirely identical to the one of 
[T6l Theorem 4.3] (see also p21 Theorem 5.2]) and leads to P < M L(G). □ 

3. Intertwining subalgebras in Hi factors T(H-r)" x„- G 

We keep the same notation as in Section 12.51 The aim of this section is to prove the following 
intertwining theorem for subalgebras of T(H-r)" x^ G which is inspired by \19\ Theorem 3.2]. 

Theorem 3.1. Let G be any countable discrete group and ir : G — > O(Hn) any orthogonal 
representation. Put M = T(H-r)" x^ G. Let p G M be a nonzero projection and P C pMp a 
von Neumann subalgebra. Let t G (—1,0) U (0, 1) such that Ot(P) M. Then P <m L(G). 

The proof of Theorem 13.11 relies on the following convergence result. 

Theorem 3.2. Let G be any countable discrete group and ir : G — > O(Hn) any orthogonal 
representation. Put M = T(H-r)" x^ G. Let t G (—1,0) U (0, 1) and a net Xk G (M)\ such that 
limfc T{6t{xk)x* k ) = 0. Then 

lim\\E M (a6 t (x k )b)\\ 2 = 0, Va, b G M. 

k 

Proof of Theorem \3.1\ using Theorem 13.21 Assume P L(G). Let t G (—1,0) U (0,1). By 
Theorem 12.101 there exists a net of unitaries G U{P) such that lim^, T{9t{uk)u* k ) = 0. By 

Theorem[321 we get lim fc \\E M (a0t(u k )b)\\i = for all a, b G M, whence t (P) 7^ M. □ 

The proof of Theorem 13.21 relies on the following technical result. As usual H = Hn ©r C 
denotes the complexified space of Hn and put p(g) = idcn © © n >i 7T (.9)® n f° r au 5 S G. We 
denote by F(H) the full Fock space of H. 

Put M = F(H R )" x^ G. We will identify L 2 (M) with F(H) © £ 2 {G) and denote by J : 
F(H) £ 2 (G) -> F(H) © £ 2 (G) the conjugation defined by = n and 

J{ei © • • • © e n © 8 g ) = -K(g)*e n © • • • © Tr(g)*ei © 5 g -i 

for all n > 1, all G H and all g G G. 

Likewise, put M = T{H R © H R )" x w G. We will identify L 2 (M) with F{H ®H)® £ 2 (G) and 
denote by J : F(H © H) © ^ 2 (G) .F(# © il) © ^ 2 (G) the conjugation defined by Jfi = O 
and 

J{ei © • • • © e n © e) g ) = 7r{g)*e n © • • • © 7r(£r)*ei 
for all n > 1, all G H © i/ and all g G G. 
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We view M C M by identifying M with F(H R © 0)" G inside M. We will denote by 

Em : M —> M the trace-preserving conditional expectation as well as the orthogonal projection 
L 2 (M) L 2 (M). 

Denote by % n = H® n the closed linear span in J-{H) of all the words e\ <8> • • • <8> e n of length 
n > 1. By convention, denote %o = Cf2. 

Lemma 3.3. Let t G (—1,0) U (0,1). Assume that 

• a = 1 or a = W{£\ ® ■ • • ® £ r ) is a word o/ length r >1 in T(Hn © -Hr.)" wi/i letters 
£i in H © or © i? and swc/i £/iai £i € © il. 

• 6 = 1 or b = W{rji © • • • © 77 s ) is a word o/ length s > 1 in T(Hn © Hr)" with letters 
rjj in H © or © F and swc/i i/iai r/ s £ (B H . 

Put K n = sup {\\E M (a Jb* J %(0)h : CG n n ®i 2 {G), \\Ch < l}. T/ien Iim„^oo «n = 0. 

Proof. We may and will assume that ||£j|| = ||r/j|| = 1 for all 1 < i < r and 1 < j < s. Fix 
,6 = {ej : i > 1} an orthonormal basis for .ff". Then 

B n = {&h © • • • © e in : i x , . . . ,i n > 1} 

forms an orthonormal basis for H n . Whenever £ £ 1i n ®£ 2 {G), write Q = J2 w eB n geG Ciu,g w®5 g 

with Cw, 9 € C such that E wG B n , 9 eG lCw,ff| 2 = IICII1- 

We assume that n > r + s + 1 . Fix now g £ G and w £ B n that we write to = <8> • • • <8> &i n 
for ii, . . . , i n > 1. We have 6^(u) 8) 5 g ) = Ute^ © • • • © £/tej„ © S g . We have 

aJb*J6 t (w © 5 S ) = W(& © • • • © Zr)W(U t e il © • • • © E/ie in )W(7r(g)?7i © • • • © n(g)rj s )n © <5 9 . 

Applying repeatedly Proposition 12.61 we have that aJV J9t(w © 5 g ) is equal to 

W(£i © • • • © £ r © f/tei! © • • • © C/ 4 e in © ^(5)771 © • • • © Tr(g)rj s )n © o" 9 

+ (£ r , 17*0 W(& © • • • © ^-i)W{U t e i2 © • • • © t7 t e in © n(g)rn © • • • © Tr(g)ri s ))n © <5 9 

+ (^e in ,7r(g)77i)W(Ci © • • • © £ r © t^ei! © • • • © Ute^W^g)^ © • • • © n(g)r] s )n © 5 9 

+ (£ r , C/ t ei 1 )(C/ t ei n ,7r(c/)?7i)Ty(^i ® • • • ® &-l)W(£te 2 © • • • © Efte^.jW^Trfa)^ ® • • • <g> n(g)r] s )n © <5 9 . 

Applying repeatedly Proposition 12.61 and using the facts that r/ s £ © H and n > r + 1, we 
have 

-Em (W(& © • • • ® ^ r _i)W(C/ t e i2 © • • • © U t e in © ^(5)771 © • • • ® vr( 5 )r/ s ))fi © <5 g ) = 

Likewise, applying repeatedly Proposition 12.61 and using the facts that £1 £ Offi-ff and n > s + 1, 
we have 

Em © • • • ® i r ® C/iei! ® • • • ® [/ i ei n _ 1 )Ty(vr(o)r/ 2 ® • • • ® Tr(g)r) s )n © 5 g ) = 0. 

Moreover, since £1, 77 s € © iT, we have 

(VK(6 © • • • © £ r © t^e,! © • • • © U t e in © ^(5)771 © • • • © -ir(g)r] s )n © <5 9 ) = 0. 

Repeating this procedure by induction and using again repeatedly Proposition 12.61 we finally 
obtain that 

r s 

E M {aJb*J6 t {w®8 g )) = p^ r - s JI(?r-*+i. KM*) tlP&n-H-i'^m) e» r+1 ® • • • ^e in _ s ©<5 9 , 

k=l 1=1 
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with pt = cos(^t). Observe that this formula is still valid when a = 1, that is r = 0, or b = 1, 
that is, s = 0. This shows in particular that 

E M {aJb*J6 t (H n <g> ^ 2 (G))) C H n _ r - S 8) ^ 2 (G). 



(1) 

Whenever w £ B n , denote by T{w) G B n - r - s the word obtained by removing the first r 



letters and the last s letters from w. In other words, if w = e,- 



ei„ G B„, we have 



T(io) = ej r+1 ® • • • ® ej n _ s G B n - T -s- What we have shown before can be rewritten as 

r s 



k=l 



U?7r(g)vi,u) T(w) <g> 5 9 



with u = ei 1 
Recall that 



ei r 8) e in _ s+1 ® • • • e in G B r+S 



C = 2 C™,9u>®<5 g = E E E Ctn.flW®^ 

wet3 n ,geG g£Gv£B n -r-s \w£B n ,T(w)=v 

Observe that for every t> G B n _ r _ s , there is a canonical one-to-one correspondence between 
<8 r+s and {mi £ 6„ : 7~(u>) = f } via the map i v : B r+S {w £ B n '■ T(w) = v} defined by 

' ' ® e in) = e i\ ® • • • ® e ir ® W ® e 



2n — s + 1 



We have that J2 w eB n TM=v Cw,g E M (aJb*J6 t (w <g> 5 g )) is equal to 



The Cauchy-Schwarz inequality yields 

2 



E ^E M {aJb*je t {w®S g )) 

w£B n ,T(w)=V 



2(n-r- a) 



^! IC„(u),gl 



Altogether, we finally obtain 

11^(^6*^(0)111 = E E 



E ^E M {aJb*jet{w®Sg)) 

w£B„,T(w)=v 



. 2(n— ? — s) 



E E E k«i 

g£Gv&B 



Pt (n - r - s) \\c\\l 



Recall that « n = sup {^(a^J^C))^ = C G H n ®l 2 {G), ||C|| 2 < l}. We get K n s ft" 

Since i G (—1, 0)U(0, 1), we have < pt < 1, whence lirrin^oo p™~ r ~ s = and so hin^^oo /t„ = 0. 
This finishes the proof of Lemma 13.31 □ 



Proof of Theorem 13.21 using Lemma 13.31 Observe that using a combination of Proposition 12.6 
and Kaplansky's density theorem, it suffices to show that lim^ \\Em (o,9t(xi i: )b)\\2 = for: 
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• a = 1 or a = W(£i ® • • • ® £ r ) a word of length r > 1 in T(Hr © Hr)" with letters & 
in H © or ffi if and such that £i G © H. 

• 6 = 1 or b = W(r]i © • • • © r] s ) a word of length s > 1 in r(i?R © H-r)" with letters r/j 
in H © or © H and such that rj s G © if. 

Write x fc = E n eN X M with X M G H n ®l 2 (G). We then have T(O t (x k )x* k ) = J2n£N Pt\\ x k,n\\l- 
Since lim^ T(9t{x k )x* k ) = and < pt < 1, we get lim^ ||xfc )n ||2 = for all n G N. Put 

Kn = sup {||£M(aJ&*J0*(C))||2 : C G © ^ 2 (G), ||C|| 2 < l} . 

Recall that by ([I]) in the proof of Lemma 13.31 we have 

E M (aJb*J6 t [U n ® 1 2 {G))) c H n -r-s ® ^ 2 (G) 

for all n > r + s + 1. This implies that for every k, the vectors (^^(aj'b* J0t{ x k,n)) 
are pairwise orthogonal in L 2 (M). 
For all k, we get 



n>r+s+l 



\\E M (ae t (x k )b)\\ 



E M (aJb*je t (x k ,n))+ Yl E M (aJb*J6 t (x k , n )) 



n<r+s 



< 2 



n>r+s+l 
2 



Y E M (aJb*J0 t (x k>n ))) 



n<r+s 



+ 2 



E M (aJb*je t (x k>n ))) 



n<r+s 



E M (aJb*je t (x k , n )) 

T+s+1 

+ 2 ^ IbM^*^^)) 



< 2 



Y E M (aJb*J9 t (x Kn ))) 



n<r+s 



n>r+s+l 



+ 2 ^nll^nlll- 



n>r+s+l 



Let e > 0. Since lim n _ i . 00 K n = by Lemma 13.31 there exists uq > r + s + 1 such that K n < e/2 
for all n > no- Since moreover lim^, ||a?fc n ||2 = for all n G N, there exists ko such that for all 
k > ko, we have 

2 



^ E M {aJb*J6 t (x ktn ))) 



n<r+s 

For all k > ko, we obtain 



+ 2 K nll x fc,n||2 ^ 

r+s+l<n<no— 1 



||^M(ae t (x fc )6)||l < ^ + 2 ^ 



n>no 
p 2 p 2 

n>?iO 



|*Efc,n || 2 



< 1 \\x k \\i < e . 

-22" 112 ~ 

This shows that lim^ 1 1 -Em ( a $t (2^)^)11 2 = and finishes the proof of Theorem 



□ 
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4. (Weakly) mixing inclusions in Hi factors F(Hr)" x n G 

Let P C Q be an inclusion of von Neumann algebras. Following [36, Section 1.4.2], the quasi- 
normalizer of P inside Q, denoted by QJVq(P), is the set of all x G Q for which there exist 
Vl j • • • j Vk G Q such that 

k k 
xP C Pyi and Px C j/j-P. 
i=i i=i 

One checks that QNq{P) is a unital *-subalgebra of Q such that P V (P'nQ) C QMq(P). We 
say that P is quasi-regular inside Q if QMq(P)" = Q. Moreover by [351 Lemma 3.5], for all 
projections p £ P and q G P' n Q, we have pqQJ^Q(P)"pq = QNpqQpqipPqp)" ■ 

4.1. Weakly mixing inclusions in T^r)" xi^ G. The following definition is due to Popa 
and Vaes (see (101 Definition 6.13]). 

Definition 4.1. Let A C N C (M, r) be tracial von Neumann algebras. We say that the 
inclusion N C M is weakly mixing through A if there exists a net of unitaries u n € U (A) such 
that 

lim\\E N (xu n y)\\ 2 = 0,\/x,y <E M Q N. 

n 

The following result will be useful in order to prove Theorem |Ej Recall that an orthogonal 
representation tt : G — > 0{H-r) is compact if n is the direct sum of finite dimensional orthogonal 
represent at ions . 

Proposition 4.2. Let G be any countable discrete group and it : G — > 0{Hyi) any orthogonal 
representation. Denote by Kn C Hh the unique closed n(G) -invariant subspace such that 
t^k = tt|1i~r is weakly mixing and khqk = i^R is compact. Put M = T(Hn)" G 

and N = r(# R if R )" x^ He/f G. 

Then the inclusion N C M is weakly mixing through L(G). 

Proof. As usual, we denote by H (resp. K) the complexified Hilbert space of i^R (resp. K-r). 
We may and will assume that Kn ^ 0. 

Since ttk is weakly mixing, there exists a sequence g n G G such that lim n (7r(<7 n )£, 77} = for all 
£,7/ G if. Observe that by Kaplansky's density theorem, in order to show that the inclusion 
N C M is weakly mixing through L(G), it suffices to show that lim n \\E^(xUg n y)\\2 = for all 
x,y G M Q N words of the form x = W(£i ® • • • ® £ r ) and y = VF(r/i (g> • • • (g> r? s ) with r, s > 1, 
letters £j, rjj in K ot H Q K and £1, r? s G K. 

Applying repeatedly Proposition 12.61 and since £i,??s G if, we have 

E N {xu 9n y) = E N ® • • • ® Cr)%„W(7?i ® • • • ® rj s )) 

= E N (W(& ® • • • ® £r)W(vr( 5n )r ? i ® ■ • ■ ® ir{g n )r} s )) u 9n 

r 

= Sr=sY[(^r-i+l^{9n)Vi)Ug n - 
i=l 

Since £1,773 G if, we have lim n (^ l ,Tr(g n )r] s ) = 0, whence lim n \\E N (xUg n y)\\ 2 =0. □ 

Corollary 4.3. Let G be any countable discrete group and tt : G — > 0(-Hr) any orthogonal 
representation. Denote by ifR C iiR the unique closed n(G) -invariant subspace such that 
ttk = 7r|ifR is weakly mixing and tthqk = ttI-Hr i^R is compact. Put M = T(H-r)" x n G 
andN = T(H Tl QK R )" ^ HeK G. 
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Whenever x G M satisfies L(G)x C Yli=i Vi^ for some finite subset {y\, . . . , y^} C M, then 
x G N. In particular, QJ\f M (L(G))" C N. 

Proof. This is a straightforward consequence of Proposition 14.21 and [401 Proposition 6.14]. □ 

4.2. Mixing inclusions in T(H-r)" x n G. This next definition is motivated by Popa's result 
[351 Theorem 3.1] (see also [H Definition 9.1]). 

Definition 4.4. Let B C (M, r) be tracial von Neumann algebras. We say that the inclusion 
BcMis mixing if whenever b n G (-B)i is a net such that b n — > weakly, we have 

Iim||f7fl(x6 n y)|| 2 = 0,Vx,y G MQB. 

n 

If G r\ (B, t) is a trace-preserving mixing action of a countable discrete group on a tracial von 
Neumann algebra, then the inclusion L(G) C B x G is mixing. For other examples, we refer to 
[T9~l Section 9.3] and the references therein. 

Remark 4.5. Let B C (M, r) be a mixing inclusion of tracial von Neumann algebras. 

(1) For all k > 1 and all projections p G Mfe(B), the inclusion pM.k(B)p C pMfc(M)p is 
mixing. 

(2) Let A C B be any diffuse von Neumann subalgebra. Then the inclusion B C M is 
weakly mixing through A 

The aim of this section is to prove the following result that will be needed in the proofs of 
Theorems [D] and HU 

Proposition 4.6. Let G be any countable discrete group and tt : G — > 0{H-r) any orthogonal 
representation. Let Kn C -ffpi be a nonzero closed 7r(G)-invariant subspace such that tt\Kji is 
mixing. Put 7r HeK = ir\H K Q K K , M = T(H n )" G and N = T{H R Kb)" Xtthqk G. 

Then the inclusion N C M is mixing. 

When Kb = Hb, we have L(G) = N and tt : G — > O(Hb) is mixing, whence the inclusion 
L(Gr) C M is mixing by Proposition 12.81 We may assume that Kb. ^ Hb- The proof of 
Proposition 14.61 relies on the following technical result. As usual H = Hb <8>r C denotes the 
complexified space of Hb and put p(g) = idcn © © n >i 7r (5 f ) <X " 1 f° r an 9 ^ G. We denote by 
J~(H) the full Fock space of H. 

Put M = F(Hn)" Xtt G. We will identify L 2 (M) with F{H) £ 2 (G) and denote by J : 
F{H) ® i 2 {G) -»• F{H) ® i 2 (G) the conjugation defined by Jtt = Q and 

J(ei ®e n ®6 g ) = ir(g)*e n ® • • • <g) 7r(£r)*e"i ® <5 fl -i 

for all n > 1, all ei £ H and all g G G. 

We will denote by £jv : M ^ N the trace-preserving conditional expectation as well as the 
orthogonal projection L 2 (M) -> L 2 (iV). Observe that J\Eat = SjvJ"- 

Lemma 4.7. Assume that a,b G M Q N are words of the form a = W(£x <8> ■ • ■ <8) £r) 

6 = iy(r/i ® • • • ® 77 s ) wii/i r, s > 1, letters £i,r]j in K or H Q K and such that £i,rj s G K. We 

moreover assume that ||£j|| = = 1 for all 1 < % < r and 1 < j < s. 

T/ien we /iGroe 

sup{||^(aJ6*JC)l|2 : C e ^ O HCII2 < 1} < min{r, s} 
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Proof. Put L R = H^QKr,, L = HQK and ir L = vr|L R . We have N = T(L R )" x WL G. Denote 
by L n = L® n the closed linear span in J~(L) of all the words e.\ (8 ■ ■ ■ ® Cn of length ti > 1. By 
convention, denote Co = C$1. 

Fix B = {ei : i > 1} an orthonormal basis for L. Then 

B n = {e^ <8) • • • <8 e in :ii,...,i n > 1} 

forms an orthonormal basis for C n . Whenever £ E -7 r (-^) write £ = X^neN Cn with £ n € £ n and 
Cn = J2w€B n Cn,w «> with Cn,™ G C such that 

E E ic^i 2 = iiciii- 

(1) We first assume that r > s. 

Let n G N and w £ B n that we write iu = (8) • • ■ (8 e^ n . We have 

ajb*jw = W(& <8> • • • <8> £r)W(e« • • • eijWfai ® ■ ■ ■ ® r? s )0. 

Using repeatedly Proposition 12.61 together with facts that £i,T] s G if and that e$ € L, we have 
the following. If n < r — s — 1 or n>r + s — 1 then E^{ajb* Jw) = 0. 

If n = r — s + 21 with < £ < s — 1, then we obtain 

E N (aJb*Jw) = IJ^-j+i'^n^-fc+n^ib) II (tr~k+l>Vk-(r-s))tt. 
j=l k=l k=n-l+l 

Put K£ = nl=n—£+i(£r-JM-lj Vk-(r-s)} an d observe that K£ does not depend on w S B n . More- 
over \ki\ < \{£i,t] s )\- Then E^{ajb* Jw) equals 

(£ r ® ' ' ' ® ? r _n+£+i <8 % <8 • • • <8 rJi, (8 • • • (8 e in _ e (8 e in _ /+1 <8 • • • (8 e n ) O. 

This can be rewritten 

EN(aJb*Jw) = Kt (£ r (8 • • ■ <8 Cr-n+^+i ® ^ ® ' ' ' <8 fji, w) O. 

Observe in particular that E^{ajb* Jw) G C$7, whence E^{aJb*jQ G C$7. We moreover 
have that Y,w&3 r - s +zt ( r -s+2e,w E N (aJb*Jw) is equal to 

Thus, by the Cauchy-Schwarz inequality, we get 

E Cr-s+2£,wE N (aJb*Jw) 

<\C^Vs)\ 2 \\C\\l 



< 



Kl\ 2 E \(r-s+2£,w\ 
weB r - 3+ 2£ 
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By the triangle inequality, we obtain 



\\E N (aJb*JC)\\ : 



"w 



Y Yl Cn, w E N (aJb*J 

n£Nw£8 n 
s-1 

y~] y~] Cr-s+2e,wE N (aJb*Jw 

s-l 

^ Cr-s+2£, w E N (aJb*Jw) 

<'\&,v.)\Kh 



(2) We now assume that s > r + 1. We have 

E N (aJb*J() = JE N (JaJb*(J()) = JE N (b*J(a*)*J(J()) 
with b* = W{rj s ® • • • <8> r^) and a* = VF(£ r ® • • • ® ^). By the first part of the proof, we get 

\\E N (aJb*JC)h <r\(Vs,Ci)\ IICII2 = r I (?i,r/ s ) I ||C|| 2 . 
This finishes the proof of Lemma 14.71 □ 

Proof of Proposition 14.61 Let b n G (iV)i be a net such that 6 n — )• weakly. Write 6 n = 
^2g^a(bn) 9 u g for the Fourier expansion of b n £ N with respect to the crossed product de- 
composition N = T(Hn Kn)" ^TT HeK G. Since (b n ) 9 = E r ^ HRQKll yi (b n u*) , we have that 
(6„) 9 ->■ weakly for all 5 G G. 

Observe that in order to prove the result, using a combination of Proposition 12.61 and Kaplan- 
sky's density theorem, it suffices to prove that lim n \\E]y(xb n y)\\2 = for all x, y G M Q N 
words of the form x = W(£i &) ■ ■ ■ <8> £r) and y = W(r/i 8) • • • <8> with r, s > 1, letters £j, rjj in 
K ox H Q K and such that £i,Ty s G -ftT. We may moreover assume that ||£j|| = \\rjj\\ = 1 for all 
1 < i < r and 1 < j < s. 

Let e > 0. Since ttk is mixing, choose a finite subset T C G such that ir(g)r] s )\ 2 < 2m in{r s}' 1 
for all </ G G \ J 7 . Using Lemma 14.71 for each g G G \ J-, we have 



||£w(:r6 n2/ )||2 = ]T ||^(x(6 n )V^( 5 )(y))||2 + £ ||i^(*(6 n )^( 5 )(y))|| 
seJ- <?eG\.F 

<^||^(x(6 n )^( 5 )(y))||i + min{r, S } 2 £ |(?!, 7r( 5 ) % ; 

.2 



| 2 ||(&»)ll 



< 



^||E iV (^(6 n )V 7r ( 5 )( y ))||I + - £ ||(6 n ) 



Sll 2 
2 



<X;il^W^(»)(y))[li + 



By the proof of Lemma 14.71 we know that for all g G G, EN(x(b n ) 9 o~ n (g)(y)) G CI. Thus, 
E N (x(b n )9a w (g)(y)) = T(E N (x(b n )9a n (g)(y)))l = r(x(& n )%^)(y))l. Since (&„)» weakly 
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for all g G G and since J- is finite, we can choose no large enough such that for all n > no, we 
have 

Y,\\E N {x(b n ya^g)(y))\\l< £ ^. 

Consequently, we obtain || -E^at || 2 < e f° r all n > no- This finishes the proof of Proposition 
Ol □ 

Corollary 4.8. Let G be any countable discrete group and it : G — > O(Hn) any orthogonal 
representation. Let Kn C H^, be a nonzero closed ir(G) -invariant subspace such that tt\Kji is 
mixing. Put it HQK = tt\H k Q K k , M = T(Hb)" Xtt G and N = r(# R Kb)" »w HeK G - 

Let e G M be a nonzero projection and A C eMe a diffuse subalgebra such that A <^ N . Then 

QNeMe(A)" < M N . 



Proof. Since A <m N, there exist k > 1, a projection p G 'WLk(N), a nonzero partial isometry 
v G Mi^(eM)p and a unital *-homomorphism <p : A — > p~NL} i .(N)p such that av = vip(a) for all 
a G A. Observe that vv* G A' n eMe and v*v G l -p{A)' npM^(M)p. We moreover have 

V*QNeMe{A)"v C SA/i^M^M),*^^^)^^)" = V*vQAf pMk{M )p{<P(A))"v*V. 

Since the inclusion N C M is mixing by Proposition 14,61 the- inclusion pMfc(iV)p C pMfc(M)p 
is mixing as well. Since (f(A) is diffuse, the inclusion pMfc(JV)p C »M^(M)p is weakly mixing 
through ip(A). By [30l Proposition 6.14], we get v*v G M^iV) and 

v*vQM pMk {M) P ^{A))"v*v C ^uM fc (^!;*«. 

Therefore, we have v*QM e Me{A)"v C w*uM fc (iV)w*u, whence QM e Me(A)" < M N. □ 



5. Relative asymptotic orthogonality property 



In his seminal article [33], Popa proved that the generator masa A C M in a free group 
factor M = L(F„) (n > 2) satisfies the asymptotic orthogonality property, that is, for all 
x, y G (M w A w ) n A' and all a, 6 G M Q A, the vectors ax and yfr are orthogonal in L 2 (M W ) 
(see [331 Lemma 2.1]). He then used this property to deduce that the generator masa is maximal 
amenable inside the free group factor (see [331 Corollary 3.3]). 

We will need the following relative notion of asymptotic orthogonally property. 

Definition 5.1. Let A C N C (M, r) be tracial von Neumann algebras. Let 00 G /?(N) \ N be 
a free ultrafilter. We say that the inclusion N C M has the asymptotic orthogonality property 
relative to A if for all x, y G {M w N w ) D A' and all a, 6 G M iV we have that the vectors arc 
and yb are orthogonal in L 2 (M W ). 

The main technical result of this section is the following generalization of [15|. Theorem 3.2]. In 
the initial version of the present paper, Theorem [521 was stated under the additional assumption 
that G is abelian. I am very grateful to Remi Boutonnet for kindly pointing out to me that 
the proof of Theorem 15.21 could be slightly modified to show that Theorem 15.21 holds for any 
countable discrete group G. 

Recall that an orthogonal representation ir : G — > (D(H-r) is compact if tt is a direct sum of 
finite dimensional orthogonal representations. 
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Theorem 5.2. Let G be any countable discrete group and it : G — > O(Hn) any orthogonal 
representation. Denote by -KTr C -£f R the unique closed it (G) -invariant subspace such that 
ttk = tt\Kh is weakly mixing and ithqk = 7r\H~R K~R, is compact. Put M = T(H-r)" G 
andN = T(H R eK n )" x nHeK G. 

Then the inclusion N C M has the asymptotic orthogonality property relative to L(G). 

Proof. The proof is a further generalization of the proof of [15^ Theorem 3.2]. Denote as usual 
by H (resp. K) the complexified Hilbert space of (resp. -Kr). The complex conjugation 
on H is simply denoted by e i— > e. The corresponding unitary representation will still be 
denoted by n : G -> U{H). The full Fock space of H is defined by F{H) = CVt © n > x H® n 
and the Koopman representation of the free Bogoljubov action o~ n : G r\ T(Hn)" is given by 
p{g) = idco © ©„>i Tt(g)® n for all g £ G. 

Put ttk = 7r|K R , 7T HeK = ir\H n © K R , M = T{H^)" xi ^ G and N = r(# R Q K n )" x nHQK G. 
We may and will assume that K R ^ 0. We will identify L 2 (M) with F(H) £ 2 (G). Recall 
that the conjugation J : F{H) © £ 2 (G) -> T{H) £ 2 (G) is defined by JVt = ft and 

J{e\ • • ■ e n <5 g ) = ir(g)*e n • • • 7r(sr)*ei <5 g -i 

for all n > 1, all ei £ H and all g £ G. 

Since the unitaries {u g ) g ^c implement the free Bogoljubov action ov, we still denote by p : 
G — > U{L 2 {M)) the unitary representation defined by p{g) = u g Ju g J . 

We will be using the following notation throughout. Let L C H be any closed subspace such 
that L = L, that is, L is stable under complex conjugation. 

• Denote by X{L) the closed linear span in J-{H) of all the words e\ • • • e n of length 
n > 1 and such that e\ £ L. 

• For h £ G, denote by the closed linear span in J~(H^ of all the words e\ • • • e n 
of length n > 1 and such that e n £ ir(h)L. 

• Put ^T(L) = X(L)®£ 2 {G) and ^(L) = heG O4(L) CS h ). Observe that JSC{L) = 
W{L). 

Step 1. Let L C K be any finite dimensional subspace such that L = L. Let x = (x n ) E 
(M w iV w ) n L(G)' and wi,w 2 £ T(H n if R )" words of the following form: 

• wi = 1 or wi = W((\ • • • Cr) with r > 1 and letters d £ H Q K. 

• = 1 or = W([J,i • • • /i s ) with s > 1 and letters fij £ H Q K. 

Then 

lim ||Pr(L)(^l^n^2)||2 = and lim HP^n^a^^)]^ = 0. 

Proof of Step^ Observe that it suffices to show that lim^^^ \\P^-^{wix n w 2 )\\ 2 = for all 
x = (x n ) £ (M u N w ) n L(G)' and all words w 1 ,w 2 £ r(# R K R )" as in the statement. 
Indeed, assume that it is true. Then, we have 

lim \\P& {L) (w 1 x n w 2 )\\2 = lim \\Pj x{L){J{wlx* n w{))\\ 2 = lim || JP^(L){wtx* n wl)\\ 2 . 

Since = 1 or io| = W(~p s • • • 7*1 ) an d Wi = 1 or = ^(C • • • Ci) an d since 
«) e (M w iV w ) n L(G)', we will get lim^ \\P^ {L) ( Wl x n w 2 )\\ 2 = 0. 

Write wi = W(d • • • Cr) £ N and w 2 = W(pi • • • p s ) £ N with Ci,Pj £ HQ K. We will 
put 7i>i = 1 if r = and w 2 = 1 if s = and we will put wi = w 2 = 1 if if = H. We may and 
will assume that x = (x n ) £ (M u Q N^) n L(G)' satisfies sup n ||a: n ||oo < 1 and x n G M Q N for 
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all n£N. Write x n = ^2h e o{xn) h Uh for the Fourier expansion of x n G M with respect to the 
crossed product decomposition M = T(H-r)" x G. 

We use the following notation. Let L C K be any closed subspace such that L = L. 

• Denote by H(r, L) the closed linear span in F{H) of all the words ei ® • • • (8) e n of length 
n > r + 1 and such that ei, . . . , e r € H Q K and e r +i G L. 

• Put Jf(r, L) = H(r, L) 8) ^ 2 (G). 

By convention, we put T-L{r,L) = X{L) if r = or K = PL. Observe that for all g G G, 
p(g)H(r, L) = H(r, w(g)L) and p(g)Jti?(r, L) = J?{r, ir(g)L). 

From now on, we assume that L C K is finite dimensional and L = L. We have wix n W2 = 
YlheG ^(Ci ® • • • <8> Cr)(^n) /l W / ('?i"(^)A i i ® • • • ® Tr(h)n s ) u^. Then using repeatedly Proposition 
12.61 we have 

(2) P S - (L) (w 1 X n W 2 ) = P%-(L){wiJw2JP,%Xr,L)(.X n )). 

For all n G N and all g G G, we have 

(3) \\p{g)Pje{r,L){Xn)\\l = \\p(9)P^(r,L)(Xn) ~ P,X'(r,n(g)L)(Xn) + P.^(r,7r(g)L)( x n)\\l 

< 2 \\p{g)P.X'(r,L){Xn) ~ P,^(r^(g)L){Xn)\\l + 2 \\P,^(r,7r(g)L) (x n ) \\l 
= 2\\Pj?{r,n{g)L){UgX n U* g - X n )\\l + 2\\Pje(r,n(g)L){ x n)\\2 

< 2\\u g x n u* - x n \\l + 2\\P^ {r ^ {g)L) {x n )\\l. 

Fix i>\. Choose e > very small such that IlfcoC 1 + { £ )f < 2 where 

<5 : (0, -) — )• R : i H> - 

2 \/l-t-V2ty/T=t 

is the function which appeared in Section 12.11 Since ttk is weakly mixing and L C K is a finite 
dimensional subspace, by induction, we can find a sequence e = gi, . . . , g 2 e of pairwise distinct 
elements in G with the property that 

n(gj)L -L £ /dimL n(gi)L,Vl < i < j < 2 e . 

This yields 

(4) jr(r,vr( 5i )L) J_ e JP(r, n( 9i )L), VI < i < j < 2 f . 
Indeed, this can be deduced from the following: 

Claim. For all g G G and all e > such that ir(g)L -L £ /dimL L, we have 

jr(r,vr( 5 )L) i_ e Jf(r,L). 

Proof of the Claim. Denote by H r the closed linear span in T{H) of all the words e\ ® • • • ® e n 
of length n > r and such that ej, . . . , e r G H Q K. By convention, we put = J~(H) if r = 
or K = H. 

Let (ej)j>i be an orthonormal basis for HQK and {fj)j>i an orthonormal basis for K such that 
(/i)l<i<dimi is an orthonormal basis for L. Define the unitary operator U : K®T-C r ®1 2 {G) — > 
Jf?{r, K) by the formula 

U (fj ® ejj <g> • • • ® e ir <g> £ ® 8 h ) = e ix <g> • • • <g> e ir ® fj <g> £ ® 5^. 

Observe that Up(g) = p{g)U for all g G G. 
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Let g £ G and e > such that ir(g)L ± £ / dimL L. Let f , rj G ^(r, L). Write U*£ = Ei=i ^ /»®& 
and U*7] = J2f=i L fj ® % with e*,»7j G ® ^ 2 (G) such that ||£|| 2 = E£? £ ||&f and ||r/|| 2 = 
Sj=i L 11%' II 2 • Using Cauchy-Schwarz inequality, we have 

dim L 

\(P(9^V)\ = \(U*p(g%U*rj)\ = \(p(g)U%U*r,)\ < £ Mg)fi, fMpi^V^l 

dim L 

sa^x Eiia fell 

<«IMI- 

This shows that p(g)Jt?(r, L) _L £ 3V (r, L), that is, (r, vr(c/)L) _L e (r, L). □ 
Therefore, using Proposition 12.21 and the above ([3]) and (j3J), for all n £ N, we get 

2 e 

2 i \\Pj nr ,L)(Xn)\\ 2 2 = Yl \\p(9i)Pj?(r,L)(Xn)\\ 2 2 
i=l 
2 e 

^ [ 2 \\ u 9i X nU* gi ~ XnWl + 2|| J P J r( r , 7r ( 9l )L)(Sn)||i) 
i=l 

2 £ <-l 

< 2 \\VnU* g . - x n \\ 2 2 + 2 JJ(1 + 5° 3 (e)) 2 \\x n \\l 

8=1 J=0 

— ^ ^ ] ll li 3i 2; n'Ug. — X n || 2 + 4||x n ||2- 
t=l 

This yields lim™-^ ||-Pi^(r,L)( x n)ll2 — 2 2- ^. Since this is true for every £ > 1, we finally get 
]im n - Hl) \\Pjg>( rtL - ) (x n )\\2 = 0. Therefore, \im n ^\\P x -^{w 1 x n W' 2 )\\2 = by ©. This finishes 
the proof of Step [TJ □ 

Step 2. The inclusion N C M has the asymptotic orthogonality property relative to L(G). 

Proof of Step 0. Observe that in order to show that N C M has the asymptotic orthogonality 
property relative to L(G), using a standard density argument together with Proposition 12.61 it 
suffices to show that ax _L yb in L 2 (M U ) for all x, y £ (M w N u ) n L(G)' and all a, 6 G Me N 
of the form a = w\ W(£i • • • £r)% u>2 and b = W3 W(r]i Cg) • • • r/ s ) u>4 with , u>2 , 1^3 , to 4 
words in T(Hn K-r)" as in the statement of Step CH r, s > 1, £j, letters in K or if ET, 
£i,£r,ViiVs G ^ an d g £ G. There are two cases to consider: 

(1) Assume first that r > s. 

Denote by L C K the finite dimensional subspace generated by £1, 7r(<7)*£ r , 771, fy s G K and such 
that L = L. 

For any closed subspaces L\,Li C K such that Li = L\ and L2 = denote by Zh(Li, L2) 
the closed linear span in J~(H) of all the words e\ • • • e n of length n > 2 and such that 
e 1 £HQL 1 and e„ G if vr(/i)L 2 . Put 2?(L 1 ,L 2 ) = ©^(^(Li, L 2 ) ® C^). 
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We have 

(ax, yb) h 2^ M ^ = lim {w{W{£i ® • • • ® Cr)u g w 2 x n , y n w^W^i ® • • • ® r/ s )w 4 ) L 2 (M) 
= \mi(W{ii <g> • • • <g> £ r )u s u; 2 s n tt;4,u;*2/ n u;3 W(ni <g> • • • <g> r? s )) L 2 fMV 

Since L C K is finite dimensional, Step Q] shows that 

Um ||w 2 XnW4 - P{{HQL)®l 2 (G))(B3?(L,L){w2XnWl)\\2 = 

ton \\w*y n w 3 - P({HeL)®P{G))®^{L,L){wly n wz)h = °- 

Observe that u 9 ((ffeI)®^ 2 (G)) = {H Q Tr{g)L) ® 1 2 {G) and u g 2?{L,L) = 3f(n(g)L,L). 
Then Proposition 12.61 implies that 

W(& ® • • • ® Cr)% (((# 91)8 ^ 2 (G)) L)) 1 JWfo ® • • • ® iT(L, L) 

Jiffe ® • • • ® m)j (((# e l) ® ^ 2 (G)) e iT(L, l)) i w{& ® • • • ® ^(i, L). 

Therefore (ax,yb) L 2^ M ,j^ is equal to 

® ••• ® ^r)« 9 ^eL)8P(G)(»2^0, JW(»? S ® • • • ® Vl)JP(HeL)®P(G) (w*y n W 3 )) . 

Since r > s, another application of Proposition 12.61 yields 

JW(rn ® • • • ® rjs)J W(£i ® • ■ ■ ® 6> 9 ((# L) ^ 2 (G)) i_ (iT L) ® ^ 2 (C7). 
Therefore (ax,yb) L 2^ M ^~j = 0. 

(2) Assume now that s > r + 1. Denote by the canonical conjugation on L 2 (M W , r w ) defined 
by = for all v 6 M w . We have 

(ax,yb) L 2 {MU) = (J"(yb), J u (ax)) h 2 iMU) = (b*y*,x*a*) L 2 {Mui) . 

We have x*, y* G (M w iV w ) n L(G)', 6* = u/| PF(r/ s ® • • • ® %) and a* = w* 2 u*W(£ r ® • • • ® 

Ci) u>J. Put c = cj^( 5 )«) W(Tr(g)T) s ®- ■ ■®ir(g)Jj 1 )u g v% and d = a n (g)(w%) W(l r ®- ■ -0^) w{. 
We obtain 



(i»y,^ffl*}L 2 (M") = ( c y*^* d )L 2 (M-)- 
By the first case, we get (cy* ,x*d) 1 2, M u\ = 0, whence (ax,yb) L 2^ MLJ ^ = 0. □ 

This finishes the proof of Theorem 15.21 □ 



6. Central sequences in Hi factors r(Hu)" xi w G 

6.1. Property Gamma. The aim of this section is to prove Theorem El To do so, we first 
start by locating central sequences in T(H-r)" xi n G: when dim^R,) = oo, any central sequence 
in T(H-r)" G must asymptotically lie in L(G). 

Proposition 6.1. Let G be any countable discrete group and n : G — > O(H-r) any infinite 
dimensional orthogonal representation. Put M = T(H-r)" x^G. Then for every free ultrafilter 
u £ /3(N) \ N, we have M' n M u C L(G) W . 
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Proof. There are two cases to consider. Assume first that the representation tt is reducible 
and write tt = m © 7T2 and = HjP © • Then we have that M can be written as the 
amalgamated free product 

m = (t(h^)" g) * l(g) (t(h^)" » n g) . 

Since dim7Tj > 1, we have that T(H^)" is diffuse. An application of |19t Lemma 6.1] yields 
M'nM u cL(Gf. 

Assume now that the representation it is irreducible. Since ir is also infinite dimensional, it 
follows that 7r is weakly mixing. We keep the same notation as in the proof of Theorem 15.21 

Let x = (x n ) G M' n M u and write y = x - E L ^(x). Observe that y = (y n ) G (M u 
L(G) UJ ) n L(G)' with y n = x n — EuQ\(x n ). For any closed subspace L C K and any r > 1, we 
denote by X r (L) the closed linear span in J~(H^) of all the words c.\ 6n of length n ~>_ r 

and such that e\ G L. 

Fix a nonzero vector £ € if. We have 

(5) km || y n - ^ 1 (Heco®<? 2 (G')(yn)||2 = 
by Step 1 in Theorem 15.21 Using Proposition 12.61 we have 

W{£) (Xi(H CO ® ^(G)) C AT 2 (CO © ^ 2 (G) 

j^(OJ(^i(Fece)®f 2 (G)) c (co®^(Feco)®f(G). 

In particular, we get 

(6) W(Q (Xi(HQC£)®l 2 (G)) ±H®l 2 (G) 

W{Q (Xt(H e CO © ^ 2 (G)) 1 JW(g)J {X X {H e C£) ® 1 2 {G)) . 

For all n G N, we have 

W(Ox n - x n W(0 = W(0(E L{G) (x n ) + y n ) - JW(l)J{E HG) {x n ) + y n ) 

= (W(OE L[G) (x n ) - JW{l)JE UG) {x n ) - JW(OJy n ) + W{t)y n 
Since lim n _+ a) \\W(£)x n — x n W{^)\\2 = 0, a combination of (JSJ) and ([6|) yields 

(7) lim \\W{£>y n \\ 2 = and lim \\W{t)E h{G) {x n )- JW{l)JE HG) {x n )- JW{l)Jy n \\ 2 = 0. 

Proposition E21 yields ||Ty(0^ 1 (H Q co^ 2 (G)(yn)||2 = ||£||||^*i(ffeCO®^(G)(2/n)ll2- By © and 
we get lining ||y n ||2 = 0, whence lim n ^ ||x n - ^ L (G)(aj n )|| 2 = 0. This shows that M' n 
M u C L(G) W and finishes the proof of Proposition 16.11 □ 

Proof of Theorem\Al Assume first that dim(i/ R ) < oo. Since 0{H-r) is a compact group and 
7r(G) is discrete in 0{H-r)i it follows that tt(G) is finite, whence G is finite since tt is faithful. 
Then r(i7 R )" C T(H-r)" xi, G is a finite index inclusion of Hi factors. Since r(i? R )" does not 
have property Gamma, F(Hn)" xi^-G does not have property Gamma either by [32j Proposition 
1.11]. 

Assume now that dim(if R ) = oo and put M = T(H-r)" xi n G. Let x = (x n ) G M' n M w . Since 
M' n M w C L(G) W by Proposition [6711 we may assume that x n G L(G) for all n G N and 
linvj-^ ||yx n — x n y||2 = for all y G M. Observe that since vr(G) is discrete in 0(ff R ), we 
have that o~ n (G) is discrete in Aut(r(ff R )"). Moreover, since tt : G — > 0{H-r) is faithful, we 
have that a n : G -> Aut(r(i? R )") is faithful. 
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Therefore, there exist k > and yi,...,yk £ IX-Hr,)" such that the open neighborhood of id 
in Aut(r(# R )") defined by V{y u . . . , y k , k) = {9 G Aut(r(# R )") : EtiWHVi) ~ Villi < ^ 
satisfies ov(G) D V(yi, ■ ■ ■ , yk, «) = {id}. Thus, we have 

fc 

X] ll^^)^) - >«.VffGG \ {e}. 
i=i 

Write x n = J2 g eG( x n) 9u g f° r the Fourier expansion of x n in L(G). We have 

k k 

\\yix n - x n yi\\l = ^2 ^2 \( x n) 9 \ 2 hi - ov(g){yi)\\l 

i=l i=l c/€G\{e} 

k 

= E iwi a Eiiw-^(»)(w)ii3 

g£G\{e} i=l 

> K ^ ^ |(x n ) 9 | = K||x n — 7"(aJj l )l[|2- 
9 eG\{e} 

Since lining ^f =1 \\yiX n - x n yi\% = 0, we get lim n ^ \\x n - r(x n )l|| 2 = 0. Therefore M does 
not have property Gamma. □ 

Corollary 6.2. Let G be any abelian countable discrete group and ir : G — > 0{H-r) any faithful 
orthogonal representation such that dimi^R > 2. 

Then T(H-r)" G is a Hi factor which does not have property Gamma if and only if ir(G) is 
discrete in O(Hn) with respect to the strong topology. 

Proof. Assume tt(G) is not discrete in 0(#r) with respect to the strong topology. Let g n G 
G \ {e} be a sequence such that ir(g n ) — > 1 strongly. Then a n (g n ) — > id in Aut(r(i?R,)"), 
that is, lim n \\u gn xu* n — x\\2 = for all x G T(Hn)". Since G is abelian, (%„) is a central 
sequence in T(Hn)" X n G with r(u 9n ) = for all n G N. Therefore, F(Hn)" X W G has property 
Gamma. □ 

Observe that whenever a faithful orthogonal representation tt : G — > 0{H-r) contains a mixing 
subrepresentation, then 7r(G) is discrete in O(Hr). Indeed, let Ar C //r be a nonzero closed 
7r(G)-invariant subspace such that 7t|Ar is mixing. Let (g n )n be a sequence in G such that 
^(fi'n) - > 1 strongly. We have in particular lim n ||7r(<7 n )£ — £|| = for all £ G Ar. We claim 
that {g n : n G N} is finite. Otherwise, we can find a subsequence (g nk )k such that g nfc — > oo in 
G. By the mixing property of tt, we get lim^ ||7r(g nfe )£ — £|| = 2||£|| for all £ G Ar, which is a 
contradiction. Since {(/ n : n G N} is finite and ir(g n ) — >• 1 strongly and tt is faithful, we obtain 
that g n = e for n G N large enough. 

Proposition 16.11 provides another sufficient condition which ensures that the crossed product 
Hi factor T(H-r)" x w G does not have property Gamma. 

Corollary 6.3. Let G be any countable discrete group such that L(G) does not have prop- 
erty Gamma and tt : G — > O(H-r) any infinite dimensional orthogonal representation. Then 
T(H-r)" xi tj. G does not have property Gamma. 

Proof. Put M = T(H-r)" Xtt G. By Proposition 16. 1\ we have 

M' n M u = M' n L(G) W C L(G)' n L(G) W . 

Since L(G) does not have property Gamma, L(G)' Pi L(G) W has a minimal projection, whence 
M does not have property Gamma. □ 
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Remark 6.4. In case the group G is not inner amenable, Corollary 16.31 is a particular case of 
a more general phenomenon. Indeed, any trace-preserving action G r\ Q of such a group G on 
a Hi factor Q which does not have property Gamma gives rise to a crossed product Hi factor 
Q x G which does not have property Gamma either (see Corollary]). 

We mention that recently, Vaes [17] discovered an inner amenable group G with infinite conju- 
gacy classes for which L(G) does not have property Gamma. 

6.2. Spectral gap rigidity. In this section, we use Popa's spectral gap rigidity principle [39] 
(see also [311 Theorem 4.3]) to prove that the malleable deformation (8t) introduced in Section 
12.51 must converge uniformly on the unit ball of the relative commutant of large subalgebras of 
r(H R )" Xtt G. 

We keep the same notation as in Section 12.51 For every t £ R, denote by (9f) the unique 
one-parameter family of *-isomorphisms Of : M w — > M w such that Of((x n )) = (6t(x n )) for all 
(x n ) G M u . 

Theorem 6.5. Let G be any countable discrete group and tt : G — > O(Hn) any orthogonal 
representation. Put M = T(Hn)" ~x n G. Let p £ M be a nonzero projection. Let P C pMp be 
a von Neumann subalgebra. Then at least one of the following holds true: 

• There exists a nonzero projection z G Z(P' DpMp) such that Pz is amenable relative 
to L(G) inside M. 

• The deformation (Of) converges uniformly to id in \\ ■ ||2 on (P 1 C\pM UJ p)i. 

Proof. Assume that the deformation (9f) does not converge uniformly to id in || • ||2 on (P' n 
pM u) p)\. Then there exist c > 0, a sequence (tk) of reals such that ]imk-^ O0 tk = and 
a sequence of elements (y k ) in (P' n pM UJ p)\ such that inffc e N \\yk ~ @t k (Vk) lb > c. Write 
Vk = {Vk,n) 6 (P'npM»i such that lim^a, \\by k , n - Vk,rJ>h = for all 6 G P and all k G N. 

Let / be the directed set of all (J 7 , e), with e > and T C (P)i finite subset. Let i = (J 7 , e) G /. 
Choose k G N such that \\a — dt k (a)\\2 < e /3 for all a G T . Then choose n G N such that 

\\yk, n - dt k (yk,n)h > c and \\ a yk, n - yk, n ah < e / 3 for a11 a£ J 7 . 

Put d := e tk {y k , n ) - (E M ° 9 tk )(y k , n ) G L 2 (M M). By Propostion El we have 

1 c 
II&H2 > -^\\yk,n - 0t h (Vk,n)h > -j=- 

For all x G M, we have 

\\x£ih = ||(1 - E M ){x0t k (yk,n))h < \\x0t k (y kt n)h < \\x\\ 2 . 
By Popa's spectral gap argument [39], for all a £ J 7 , we have 

IKi - &ah = IK 1 - E M ){a0t k (y k ,n) - 6t k {yk,n)a)h < \\a9t k (yk,n) ~ &t k (yk,n)ah 
< 2 II « - ^ fe ( a )ll2 + \\ay k , n - yk, n ah < e - 

Since M = M * L(G) {T{H n )" G), we have L 2 (M M) = L 2 (M) L(G) K for some L(G)-M- 
bimodule IC. By [19| Lemma 2.3], there exists a nonzero projection z G Z(P' DpMp) such that 
is amenable relative to L(G) inside M. □ 

A straightforward combination of Theorems 12.101 and 16.51 yields the following: 

Corollary 6.6. Let G be any countable discrete group and tt : G — > 0(H-r) any orthogonal 
representation. Put M = T(Hn)" xi^ G. Let p G M be a nonzero projection and P C pMp a 
von Neumann subalgebra. Then at least one of the following holds true: 
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• There exists a nonzero projection z G Z{P' n pMp) such that Pz is amenable relative 
to L(G) inside M. 

• P'HpMp < M L(G). 

7. Regular amenable subalgebras in Hi factors T{H- r )" x^ G 

The aim of this section is to prove Theorem El Corollary O and Theorem [D] 

Before proving Theorem [Bj we will need the following result which is a particular case of |19t 
Theorem 6.3] and a generalization of [2, Proposition 3.1]. 

Lemma 7.1. Let (N,t\) and (N, T2) be tracial von Neumann algebras with a common von 
Neumann subalgebra B C N( such that T\\B = t^\B. Denote by N = Ni *b N2 the tracial 
amalgamated free product. Let p G N\ be a nonzero projection and P C pN\p a von Neumann 
subalgebra such that Pz is not amenable relative to B inside N\ for all nonzero projection 
z G Z(P' n pNip). Let oj G /3(N) \ N be a free ultrafilter. 

Then P' n pN w p C pNfp. 

Proof Assume that P' n pN u p <f_ pNfp. Let x G (P' fl pN u p)i such that x piVfp and put 
y = x- E pN u> p (x). Write y = (y n ) with y n G p(7V iVi)p, sup n \\y n \\oo < 2 and lim n ^ ||&y n - 
yn^lb — for all b G P. We may assume that there exists k > such that [ 1 2/n. 1 1 2 > K f° r an 
n G N. 

Let I be the directed set of all (J 7 , e) with e > and T C (P)i finite subset. Let i = (J 7 , e) G /. 
Choose n G N such that ||6y n — y n &||2 < £ for all b G J 7 and put & := y n . Moreover, for all 
iGJVi and all i G /, we have ||x£i||2 = H^ynlh < 2] ] 1 2 . 

Since N = Ni * B N 2 , we have L 2 (iV Ni) = L 2 (iV"i) B /C for some P-iV"i-bimodule /C. By 
[19\ Lemma 2.3], there exists a nonzero projection z G Z(P' DpNip) such that Pz is amenable 
relative to B inside N\. □ 

Proof of Theorem^ Let M = T(Hn)" x^ G and p G M a nonzero projection. Let ^4 C pMp 
be a von Neumann subalgebra which is amenable relative to L(G) inside M and denote P = 
NpMp{A)" . We assume that P' (IpM^p = Cp. In particular, P' HpMp = Cp. We moreover 
assume that P is not amenable relative to L(G) inside M. Our aim is then to show that 
A < M L(G). 

Put _ 

M = T(H U © H R )" x n(Bn G = {T(H R )" x w G) * L(G) (T(H R )" x w G) . 
We identify M with the left copy of r(F R )" x^G and X {M) with the right copy of T(H R )" x^G 
inside the amalgamated free product M. Note that we use now the malleable deformation (9t) 
from Section [2.51 

Since P' n pMp = Cp, by Lemma Em we have P' n pM> = P' n pM w p = Cp. Let i G (0, 1). 
Put A = 9 t (A) and P = M^^Af . 

Observe that t (P) C V and „4 is amenable relative to L(G) inside M. Since 9t G Aut(M), we 
get e t (P)' n 9 t (p)M"9 t (p) = C9 t (p), whence 7" n 9 t (p)M"9 t (p) = C9 t (p). 

By [ 191 Theorem 1.6], one of the following conditions holds true: 

(1) A^L(G). 

(2) V^MorV± M 9 1 (M). _ 

(3) V is amenable relative to L(G) inside M. 
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By Corollary 13. 1[ Condition (1) leads to A <m L(G). We will show that neither Condition (2) 
nor Condition (3) holds. 

Observe that since X G Aut(M), we have V Q\ (M) if and only if 9-i(V) <^ M. So, 
Condition (2) leads to 6 t (P) ^Mor t -i(P) ^ M. Therefore by Corollary EQ Condition 
(2) always leads to P <m L(G). Since moreover P' (IpMp = Cp, we get that P is amenable 
relative to L(G) inside M by Remark 12. 5[ which is a contradiction. 

Finally assume that Condition (3) holds. Then there exists a P-central positive functional (p 
on the basic construction 6 t (p){M, euQ\)9(p) such that ip\9t(p)M6 t (p) = T\8 t (p)M6 t (p). Define 
tp := (pod-t\p(M, eL(G))f>. Then tp is a P-central positive functional such that ip\pMp = r\pMp, 
whence P is amenable relative to L(G) inside M, which is again a contradiction. This finishes 
the proof of Theorem |Bj □ 

Proof of Corollary Put M = T(Hn)" x t G and let A C M be an amenable regular von 
Neumann subalgebra. Since dimf/R > 2, T(Hji)" is a nonamenable Hi factor and so M is not 
amenable relative to L(G). Since we moreover assume that M does not have property Gamma, 
we necessarily have that A <m L(G) by Theorem IB1 

(1) Assume ir contains a direct sum of at least two finite dimensional subrepresentations. Write 
vr = 7Ti © 7T2 © 7T3 , with 7Q and 7T2 finite dimensional orthogonal representations. If A C M is 
a Cartan subalgebra, we have A <m L(G). Observe that for i = 1,2, since dim7Tj is finite, the 
free Bogoljubov action G F(H^)" extends to a compact group action G r> T(H^)". 

It follows from Corollary 4.2] that for any trace-preserving action G r\ Q of a second 
countable compact group G on a nonamenable Hi factor Q with separable predual, the fixed 
point algebra Q G is necessarily diffuse. Since the free product of two diffuse von Neumann 
algebras is a nonamenable Hi factor, we get that L(G)' DM has no amenable direct summand. 
Since A < M L(G), we have L(G)' n M < M A' n M by 03 Lemma 3.5]. However, since 
A'nM = i, this is a contradiction. 

(2) Assume tt contains a mixing subrepresentation, that is, let Kn C i?R be a nonzero closed 
7r(G)-invariant subspace such that ttI-STr is mixing. Put ithqK = ^{Hn © -f^R and N = 
T(HnQK^i)" >i 7THeK G. If ^4 C M is a diffuse regular amenable subalgebra, we have A <m L(G), 
whence ^4 N. Since the inclusion iVcMis mixing by Proposition 14.61 and M = Mm (A)" , 
Corollary 14.81 implies that M ^m N. This means that Np C pMp has finite index for some 
nonzero projection p G iV' D M. Since the inclusion iV C M is mixing, we moreover have 
N' n M = Z{N) by Corollary 14.31 whence p G Z{N). Since C pMp has finite index, A^p is 
quasi-regular inside pMp (see e.g. [451 Definition/Proposition A.2]). 

Since the inclusion Np C pMp is mixing, we have QM P Mp(Np)" = Np by Corollary 14.31 
Therefore, Np = pMp. Since ^ 0, the tracial von Neumann algebra T^r)" is diffuse. 
Choose a Haar unitary u S r(i^R)". Since T(Kji)" © C C M © N, we have pu k p = for all 
k G Z \ {0}, whence the projections (u k pu~ k )k£Z are pairwise orthogonal in M. Since M is a 
tracial von Neumann algebra, we necessarily have p = 0. This is a contradiction and finishes 
the proof of Corollary O □ 

Proof of Theorem^ Put M = T{H-r)" G and iV = T(# R © K R )" X VHeK G. Let A C M 
be a diffuse von Neumann subalgebra which is amenable relative to L(G) inside M and put 
P = M M {A)". 

Let V be the set of projections p G Z{P' n M) such that is amenable relative to N inside 
M. We claim that V attains its maximum in a unique projection z. Indeed, by Zorn's Lemma, 
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let (zi)i£i be a maximal family of pairwise orthogonal projections in V. Put z = Z{ and 
z 1 - = 1 — z. We have z G V. For all p G V, we also have pz -1 - G P. By maximality of the family 
(zi)i£i, we necessarily have = 0, that is, p < z. So, z is the maximum of "P. Our aim is to 
show that z 1 - = 0. 

Assume by contradiction that z 1 - ^ 0. Let u G /3(N) \ N be a free ultrafilter. Put (Pz ) u = 
(Pz L )' n z^M w z^. By [Tg Lemma 2.7], there exists a projection e G ^((Pz- 1 )' n z^Mz L ) n 
^((Pz 1 )^ such that 

(1) (Pz- L ) w e is purely atomic and (Pz L ) u e = ((Pz L )' n ^Mz 1 ) e. 

(2) (Pje- L ) w (z- L - e) is diffuse. 

(1) Assume that e 0. Let / G ((P^)' n z^z 1 ) e be a nonzero minimal projection so that 
f(Pz ± ) LlJ f = Cf. We have that Af is diffuse, regular inside Pf, amenable relative to L(G) 
inside M and moreover (Pf)' D fM u f = Cf. By Theorem [Bj at least one of the following 
holds: A/ <m L(G) or P/ is amenable relative to L(G) inside M. 

Assume A/ L(G). Since L(G) C N is a unital von Neumann subalgebra, we have A/ 
iV. Since the inclusion A C M is mixing by Proposition 14.61 and since Af is diffuse and regular 
inside Pf, we have Pf ^ M A by Corollary S3 By Remark [23] and since (Pf)'C\fMf = Cf, 
we get that Pf is amenable relative to A inside M. 

Assume Pf is amenable relative to L(G) inside M. Since L(G) C A, we have that Pf is 
amenable relative to A inside M. 

Thus in both cases, we always obtain that Pf is amenable relative to A inside M. By taking 
the central support z(f) of / inside [(Pz- 1 )' n z ± Mz ± ) e, we get a nonzero projection z(f) G 
Z(P' n M) such that z(/) < e < z 1 - and Pz(f) is amenable relative to A inside M. This 
contradicts the fact that z is the maximum of the set V. 

(2) Assume that e = and so (Pz^)^ is diffuse. There are two cases to consider: 

(2.1) Assume that (Pz ± ) UJ d^M" L(G) W . Since L(G) U C iV w is a unital von Neumann subalge- 
bra, we have (Pz^) w A™. Since the inclusion Af C M is mixing by Proposition 14.6} we 
get Pz^ < M A by [TSJ Lemma 9.5]. 

(2.2) Assume that (Pz L ) u L(G) W . We now use an idea due to Peterson (see [31] Theorem 
4.5]). Recall that (9t) is the malleable deformation introduced in Section [2.51 Since z is the 
maximum projection in Z(P' n M) such that Pz is amenable relative to A inside M and since 
L(G) C A, we have that (Pz )p is not amenable relative to L(G) inside M for all nonzero 
projection p G Z((Pz^)' n z 1 ]^^ 1 ). Therefore, the deformation (0^) necessarily converges 
uniformly to id in || • [| 2 on U((Pz ) w ) by Theorem 16.51 Let e > 0. Choose t > such that 
||u - &?{y)\\ 2 < ^ for all v G U((Pz^) w ). 

Let x G (Pz^i. Fix a || • \\ 2 dense sequence (yi)i>\ in (z^M);^ For every n > 1, there 
exists a unitary t>„ G ^((Fz 1 )^) such that ||£/l(g) w (Vi v nyj)\\2 < h f° r an 1 < ^, j — n. Write 
v n = (vk,n) G ^((Pz 1 )^) with v fcjn G W(z 1 Mz 1 ) such that lim fc ^ \\v k , n x - xv k ,nh = for 
all n > I. Observe that \\E h ( G) u>(y*v n yj)\\ 2 = lim*^ \\E L ( G) (y*v k , n yj)\\ 2 and \\v n - 9f(v n )\\ 2 = 
lim fc _^ w \\v k>n - 0t(v k ,n)h for all n > 1. 

Thus, for all n > 1, there exists l„eN such that with w n = v n ,k n G W(z i Mz 1 ), we have: 

• \\w n x - xw n \\ 2 < i; 

• [|- E L(G)(yi t «'fiyi)[|2 < £ for a11 1 - *»J - n ' 

2 

• \\w n - 6 t (w n )\\ 2 < 
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Observe that since (yi)i>i is || • H2 dense in {z M)\, we have that lim,,, \\E h ^(c* w n d)\\ 2 = 
for all c,de z ± M. 

Put 5 t (y) = 9 t (y) ~ (E M ° t )(y) G L 2 (M M) for all y G M. For all n > 1, we have 

(8) = {5 t (x),5 t (x)) <\{5 t {w n xw* n ),5 t {x))\ + \\w n xw* n - x\\ 2 

< \{w n 5 t {x)w* n ,5 t {x))\ + ||w„xu;* - x\\ 2 + 4||w n - t (tt; n )||2 

1 e 2 

< |K5 J ( I K, ( 5 i (i))| + - + -. 

Claim. Let a n £ (M)i be a sequence such that lim n \\E L ^(c*a n d)\\ 2 = for all c,d£ (M)i 
and let b n G (M)i be any sequence. Then 

lim|(a n £& n ,?7)| =0,V(,i)GL 2 (MeM). 

n 

Proof of the Claim. Recall that M = M *l(G) @i(M). It suffices to prove the Claim for £,77 E 
M Q M words of the form 

£ = • • • £2fc2;2fc+i and r] = y x y 2 ■ ■ ■ y 2 ^2£+i 

where k,£ > 1; x\, x 2k+ \, Ui, U2£+i 6 Af; x 2 i,y 2 j G #i(M) L(G) for all 1 < i < & and all 
1 < j < £; x 2i+ i,y 2j+ i £ M Q L(G) for all 1 < i < - 1 and all 1 < j < £ - 1. We may 
moreover assume that 

SUp{||rE 2 i||oo, ll^2i±l Hoo, ||y2j||oo, 1 1 ±1 1 1 oo = 1 < i < k, 1 < j < £} < 1. 

Using the freeness with amalgamation over L(G), we get 

\{an£b n ,v)\ = \T{y 2 e + iy 2 e---y 2 yla n x 1 x 2 ---x 2k x 2k+ ib n )\ 

= \ T (y2e+i E M{y 2 e ■■■yl yla n xi x 2 ■ ■ ■ x 2k )x 2k+ ib n )\ 

= \ T iy2e+i E M(y 2 e • • • yl E L(G){y*anXi) x 2 --- x 2k )x 2k+1 b n )\ 

= \ T (yu+iyu • ■ ■ yt ^l(g) (2/1^1) x 2 --- x 2k x 2k+1 b n )\ 

< \\ E L(G){yl a nXl)\\ 2 . 

Therefore lim n \{a n ^b n ,rj)\ = 0. □ 

Since lim n \\E L ( G )(c*w n d)\\ 2 = for all c,d G z L M and since S t (x) £ L 2 (M e M), the Claim 
yields lim n \(w n 5t(x)w^, d~t(x))\ = 0. With the above inequality © and Proposition 12.91 we get 

\\x - e t (x)\\ 2 < V2\\S t (x)\\ 2 < e, Vx g (P^)i. 

By Theorem 12.101 we obtain Pz^ <m L(G), whence Pz 1 - <m N. 

In both cases, we have Pz 1 - -<m N. By Remark l2.5l we get a nonzero projection r G Z(P'r\M) 
such that r < z -1 - and such that Pr is amenable relative to N inside M, that is, r G "P. This 
contradicts again the fact that z is the maximum of the set V . Therefore, we have z = 1 and 
P is amenable relative to N inside M. This finishes the proof of Theorem |Pl □ 
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8. Maximal amenable and maximal Gamma extensions 

The aim of this section is to prove Theorems |E] and [Fj Moreover, Theorem [E] will be a conse- 
quence of the following more general result. 

Theorem 8.1. Let A C N C (M, r) be tracial von Neumann algebras such that M has separable 
predual. Assume the following: 

(1) A is amenable. 

(2) The inclusion N C M is weakly mixing through A. 

(3) The inclusion N C M has the asymptotic orthogonality property relative to A. 
Then for any intermediate amenable von Neumann subalgebra icPC M, we have PcJV. 

Proof. Let A C P C M be any intermediate amenable von Neumann subalgebra. Our aim is 
to show that in fact P C N . 

Since the inclusion N C M is weakly mixing through A, we have P' n M C A' n M C iV by 
Corollary 14.31 whence P' f] M = P' N. Denote by z G Z(P' n iV) the maximum projection 
such that Pz C ziVz. Put = 1 — z. Our aim is to show that z 1 - = 0. 

Assume by contradiction that z 1 - ^ 0. Put Q = Pz^. We first show that Q <m N. Assume by 
contradiction that Q N. Since Q is amenable and thus hyperfinite by Connes' result [8], 
we can write Q = \J k Q k where {Qk)k>\ is an increasing sequence of unital finite dimensional 
*-subalgebras of Q such that the inclusion Q' k (~)Q C Q has finite index for all k > 1. 

Indeed, let q n G Z(Q) be pairwise orthogonal central projections in Q such that X^neN In = 
1q = z and 

Qq = Zq® R and Qg n = Z n ® M n (C), 

with iJ n an abelian von Neumann algebra for all n G N and R the hyperfinite Hi factor. So, Qq$ 
is the direct summand of type Hi and Qq n is the homogeneous direct summand of type I n . For 

(k) 

every n G N, let (i?A )fe>i be an increasing sequence of unital finite dimensional *-subalgebras 
of Z n such that Z n = V fe Z { n k) . Regard i? = 8f =1 (M 2 (C),r 2 ) and put R k = ®* =1 (M 2 (C),t 2 ). 
For every k > 1, define the unital finite dimensional *-subalgebra Q k C Q by 

Q fe = (z fc ® e (z« ® m„(c)) e c Y, in- 

\<n<k n>k+l 

We have that (Qk)k>i 1S increasing, \J k Q k = Q and moreover 

Q' k nQ = (z Q ® (R' k n r)) e (^n®ci Mn( c))e (2 n ® M n (C)) . 

l<n<fc n>/c+l 

Therefore, n Q C Q has finite index for all > 1. 

Since Q AT, we have Q' fc n Q T^M N for all > 1 by Remark 12.31 For every k > 1, choose 
Uk eU(Q' k nQ) such that \\E N (u k )\\ 2 < lll^h- Put u = (u k ) £U(Q' HQ") and observe that 

u g (M w e n u ) n p'. 

Since the inclusion N <Z M has the asymptotic orthogonality property relative to A, we have 
(y — Ejy(y))u _L u(y — Ejy(y)) in L 2 (M W ) for all y £ Q. Since = uy for all y G Q, we get 

(9) ||£7tf(y)« - ^(yJHl = - £jv(y)Hl + \\u(y - E N (y))f 2 = 2\\y - E N (y)§. 

Let k G N large enough such that ||2?Ar(iifc)||2 < ill-z^lh- We get \\EN(u k )u — uEi^(u k )\\2 < 
lll^l^ and \\u k — E^r{u k )\\2 > j\\z ± \\2- This contradicts Equation ©. 
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Thus, we have Q N. There exist k > 1, a projection p G ~M.k(N), a nonzero partial 
isometry v G Mi ^(z M)p and a unital normal *-homomorphism cp : Q — > p'NL] i (N)p such 
that av = v(p(a) for all a G Q. Write v = [v i • • • Vk] G M.i^(z ± M)p. In particular, we have 
Qvi C Y2j=i v jN for all 1 < i < k, whence L(G)t> j C Y2j=i v jN for all 1 < i < k. Since the 
inclusion N C M is weakly mixing through L(G) by Proposition 14.21 we obtain that V{ G N 
for all 1 < i < k by Corollary 14,31 Therefore vv* G Q' D z^A^z -1 " and Quti* C vv*Nvv*. If we 
denote by zo the central support of w* in Q' n z Nz , we have that zq G fl z A^z ) and 
Qz C Zo^Zo- 

Thus, zq G i?(P' n AT) is a nonzero projection such that zq < z 1 - and Pzo C zqNzq. This 
contradicts the fact that z is the maximum projection z G Z{P' n A 7 ") such that Pz C zAfz. 
Consequently, z = 1 and so P C A r . □ 

Proo/ o/ Theorem d Put M = r(PT R )" G and JV = T(H n ATr)" *,r He jr G. The inclusion 
Af C Mis weakly mixing through h(G) by Proposition l4.2l and has the asymptotic orthogonality 
property relative to L(G) by Theorem 15.21 This is now a consequence of Theorem 18. 11 □ 

Proof of Theorem\E Put M = r(PT R )" G and iV = r(PT R Ar,)" x WHQJf G. Let L(G) C 
PcMbe any intermediate von Neumann subalgebra with property Gamma. Our aim is to 
show that in fact P C N . 

Since the inclusion JVcMis mixing by Proposition 14.61 we have P' n M C L(G)' flMc Afby 
Corollary 14. 31 whence P'nM = P'riN. Denote by z the maximum projection in Z(P'nN) such 
that Pz is amenable. Since the intermediate von Neumann subalgebra L(G) C Pz ©L(G)z _L C 
M is amenable, we have Pz©L(G')z- L C A" by Theorem|El whence Pz C zNz. Put z 1 - = 1 — z. 
It remains to prove that Pz 1 - C z^Nz . 

Denote by zo G Z^Pz^)' n z AT,? ) the maximum projection such that Pzo C zqNzq. Our 
aim is to show that zq = z L . Put q = z 1 - — zq. 

Assume by contradiction that q ^ 0. Let u G /3(N) \ N be a free ultrafilter. Put {Pq) w = 
{Pq)' n Since P' n P w is diffuse, P'nP u cP'n M w and (Pg) w = q{P' n M w )g, we get 

that (Pq)uj is diffuse. There are two cases to consider: 

(1) Assume {Pq)u> L(G) w . Since L(G) W C A^ w is a unital von Neumann subalgebra, 
we have {Pq) w A 7 ™. Since the inclusion JV C M is mixing by Proposition 14.61 we get 
Pq < M N by [19], Lemma 9.5]. 

(2) Assume (Pq)u> ^M u L(G) W . Since L(G) is amenable and since z G Z{P' n N) is the 
maximum projection for which Pz is amenable and q < z^~, a proof entirely analogous to the 
one of Theorem |D| Step (2.2), yields Pq -<m N. 

Therefore, in both cases we obtain Pq AT. Then the end of the proof of Theorem E yields 
a nonzero projection qo G Z((Pq)' fl qNq) such that qo < q = z 1 - — z$ and Pqo C qoNq^. 
This contradicts the fact that zq G Z^Pz^)' n z A/2 ) is the maximum projection such that 
Pzo C zoA^zo. Therefore, zo = z -1- an d Pz -1- C z-'-A^z -1 ". This finally yields P C N and finishes 
the proof of Theorem |FJ □ 

9. Approximation properties for r(P R )" x„. G 

9.1. Complete bounded approximation property. We refer to [1] Chapter 12] for the 
notion of weak amenability for discrete groups G and the definition of A c b(G). 
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Let (M, r) be a tracial von Neumann algebra. Following [SJ, we say that M has the complete 
bounded approximation property if there exist k > and a net & n : M — > M of normal finite 
rank (completely bounded) maps such that 

(1) lim n ||$ n (x) - %h = for all x € M. 

(2) sup n ||* n ||cb < K - 

The Cowling-Haagerup constant A c b(M) is defined as the infimum of all values of k for which 
such nets exist. By [TJ Theorem 12.3.10], we have that A c b(L(G)) = A c b(G) for all countable 
discrete groups G. 

Theorem 9.1. Let G be any countable discrete group and it : G — > O(Hji) any compact 
orthogonal representation. Then A c b(r(-ffR,)" G) = A c b(G). 

Proof. We obviously have A c b(r(flR,)" ^ G) > A c b(G). To prove the reverse inequality, we 
use techniques and results from [161 Section 3]. We may and will assume that A c b(G) < oo. 

By [Ml Corollary 3.14], there exists a sequence ip n : N — > C of finitely supported functions 
such that lim n ip n = 1 pointwise and the corresponding unital trace-preserving radial multipliers 
i%„ : r(H R )" -> T(H R )" defined by 

m VnCW( e i ® • • • ® e r )) = </>n(r)W(ei ® • • • ® e r ) 

satisfy limsup n ||m^ n || c b = 1. Observe that since the radial multipliers m^ n commute with the 
free Bogoljubov action a n , we may extend to T(Hr,)" x G by the formula 

m Vn(W( e i ® " " " ® e r)%) = v? n (r)l^(ei ® • • • ® e r )u 9 . 
We still have limsup n Hm^JIcb = 1. 

Next, since ir is compact, write tt = ®j gN 7Tj and Hr, = ©j g N Hr with 7Tj a finite dimensional 

orthogonal representation. For p£N, let E p : Hr — > ©o<j<p^R be * ne orthogonal projec- 
tion and denote by F(E P ) : F(Hji)" — > F(Hr)" the unique trace-preserving unital completely 
positive multiplier (see [49l Section 2]) defined by 

T(E p )(W(e x ® • • • ® er)) = W(^ p (ei) ® • • • ® £p(e r )). 

Observe that since the completely positive multipliers T(E p ) commute with the free Bogoljubov 
action a n , we may extend T(E p ) to T(H-r)" x G by the formula 

T{E p )(W{e 1 ® • • • ® e r )u 9 ) = W(J5 p (ei) ® • • • ® £ p (e r ))u 9 . 

Let e > 0. Since A c b(G) < oo, let ip q : G — > C be a sequence of finitely supported functions 
such that ipq(e) = 1 for all q, lim q ip q = 1 pointwise and the corresponding unital trace- 
preserving Herz-Schur multipliers : L(G) — > L(G) defined by m^ g (u g ) = tpg(g)u g satisfy 
sup,j ||m^ 9 || c b < A c b(G) + e. We may extend m^ q to T{H-r)" x n G by the formula 

m i> q {W(ei ® ••• ® e r )u ff ) = ^(<7)W(ei ® • • • ® e r )ii 9 . 

We still have sup g ||my, [| c b < A c b(G) + e. 

Define the trace-preserving unital finite rank (completely bounded) maps M njP](? : T(Hr)" x^ 
G — > F(Hn)" yj w G by the formula yi n ,p,q = rn<^„ ° L(-E p ) o nty . We have lim njPj(? ||M n)M (:r) — 
x\\2 = for all x G T{H-r)" x^ G and sup n>n0)P)9 ||M n)P)(? || c b < A c b(G) + 2e, for no € N 
sufficiently large. Since this is true for every e > 0, we get A c b(r(i?R,)" x^ G) < A c b(G). □ 
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9.2. Relative Haagerup property. Let B C (M, r) be an inclusion of tracial von Neumann 
algebras. Whenever (p : M — > M is a trace-preserving B-B-h\m.odv\ai unital completely 
positive map, we denote T v G (M, es) the unique bounded operator on L 2 (M) defined by 
Ttp(x) = y>(x) for all x G M. 

Following [361 Definition 2.1], we say that M has the Haagerup property relative to B if there 
exists a net ip n : M — > M of trace-preserving £?-£?-bimodular unital completely positive maps 
such that 

(1) lim n ||</9 n (x) — x\\ 2 = for all x G M. 

(2) (p n is compact over B for all n, that is, for all e > 0, there exists a finite trace projection 
p £ (M, e#) such that 11^(1 - p)||oo < e. 

When M has the Haagerup property relative to C, we simply say that M has the Haagerup 
property (see [6]). 

Theorem 9.2. Let G be any countable discrete group and tt : G — > O(Hn) any orthogonal 
representation. The following are equivalent: 

(1) it is compact. 

(2) T(Hn)" xi n G has the Haagerup property relative to L(G). 

(3) L(G) is quasi-regular inside T(Hn)" G. 

U) 



Proof. (1) =^ (2). Since tt is assumed to be compact, write tt = ©j gN TTj and Hn = © jeN H^ 

^0<j<p 



with TTj a finite dimensional orthogonal representation. For p£N, let E p : Hji — > ® <j<p -^R^ 



be the orthogonal projection and denote by T(E P ) : T(Hfi)" G — > T(H-r)" G the corre- 
sponding unique trace-preserving unital completely positive multiplier. Let m pt = Em Ot be 
the one-parameter family of trace-preserving unital completely positive maps which appeared 
in Section El Define M P;t : T(H R )" ^G-> r(F R )" xj w G by the formula M P;t = m pt o T(E p ). 
Then (M p j ) p j is a family of L(G)-L(G)-bimodular trace-preserving unital completely positive 
maps which are compact over L(G). Therefore T(Hn)" yi n G has the Haagerup property relative 
toL(G). 

(2) =^ (3). This follows from [36, Proposition 3.4]. 

(3) => (1). Denote by Kn the unique closed 7r(G)-invariant subspace such that ttk = tt\K~r, is 
compact and tthqk = ^l-f^R Kr is weakly mixing. By Corollary 14.31 we get that 

r(fT R )" x v G= QM n H R )»»„G(HG))" c T(K R f x„ K G. 

Therefore tt = ttk and so tt is compact. □ 

Corollary 9.3. Let G be any countable discrete group and tt : G — > O(Hn) any compact 
orthogonal representation. Then T(H-r)" xi n G has the Haagerup property if and only if G has 
the Haagerup property. 

Proof. Assume that G has the Haagerup property and tt : G — > Q(H-r) is a compact orthogonal 
representation. Write tt = © jeN TTj and -Hr = © JgN with TTj a finite dimensional orthog- 
onal representation. For p6N, let E p : Hn — > © <?<p ff^ be the orthogonal projection and 
denote by F(E p ) : F(H^i)" x^ G — > F(Hji)" x n G the corresponding unique trace-preserving 
unital completely positive multiplier. 

Since G has the Haagerup property, let <p n : G — > C be a sequence of positive definite functions 
such that <^ n (e) = 1 for all n, lim n ip n = 1 pointwise and <p n G cq(G) for all n G N. Denote 
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by $ n : T(H-r)" G — )■ T(Hn)" x n G the corresponding trace-preserving unital completely 
positive maps 

®n(W(ei ® • • • ® e r )u s ) = ^ n (fl')W(ei ® • • • ® e r )u g . 

Then we have that M n]P = $ n o T(.E P ) forms a sequence of trace-preserving unital completely 
positive maps on T(Hn)" xi^ G such that lim njP ||M niP (x) — a? [| 2 = for all x G r(JTa)" G 
and the corresponding bounded operators Tyi n _ are compact on L 2 (r(F R )" x^ G) (see [231 
Lemma 3.3]). Therefore T(Hn)" x^ G has the Haagerup property. □ 
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